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Abstract 



For a K3 surface X and its bounded derived category of coherent sheaves D(X), we have 
the notion of stability conditions on D(X) in the sense of T. Bridgeland. In this paper, we 
show that the moduli stack of semistable objects in D{X) with a fixed numerical class and 
a phase is represented by an Artin stack of finite type over C. Then following D. Joyce's 
work, we introduce the invariants counting semistable objects in D(X), and show that the 
invariants are independent of a choice of a stability condition. 

1 Introduction 

The work of this paper is motivated by D. Joyce's recent works [19], [20], [16], [IT], [21], espe- 
cially |17[ Conjecture 6.25] on the counting invariants of semistable objects on K3 surfaces or 
abelian surfaces. Such invariants are expected to produce automorphic functions on the space 
of stability conditions in the sense of T. Bridgeland [7J. 

1.1 Stability conditions 

Let X be a smooth projective variety over C, Coh(X) the abelian category of coherent sheaves 
on X, and D{X) the bounded derived category of Coh(X). For an ample divisor oj on X, 
there is a notion of w-Gieseker stability on Coh(X), and the moduli spaces of semistable sheaves 
have been studied in detail up to now [12j . The notion of stability conditions on a triangulated 
category T (especially including the case of T = D(X)) was introduced by T. Bridgeland [7] 
motivated by M.Douglas's IT-stability [10], pjj\ Roughly it consists of data a = (Z, V), 

Z:K{T) — ►C, V(^)CT, 

where Z is a group homomorphism and V((p) is a full subcategory for each (j) G K, and these 
data satisfy some axiom. (See Definition 12.11 below.) Then Bridgeland [7J showed that the set 
of good stability conditions has a structure of a complex manifold. When T = D(X), the space 
of stability conditions Stab(X) carries a map, 

Z: Stab(X) — >M(X)* C , 

where M(X) = K(X)/ = is a numerical Grothendieck group. (See Definition 12.41 ) The precise 
descriptions of the space Stab(X) have been studied in the articles [6], [B], [9], [27] , [26], [21], [IB] . 
[2], [29], [28]. In particular when X is a K3 surface or an abelian surface, Bridgeland [6j described 
Stab*(X), one of the connected components of Stab(X), as a covering space over a certain open 
subset Vq(X) C M(X)^, and related its Galois group to the group of autoequivalences of D(X). 



1 



In general when X is a Calabi-Yau manifold, it is expected that the space Stab(X) describes 
the so called "stringy Kahler moduli space". More precisely Bridgeland conjectures in [3] that 
the double quotient space, 

Auteq£>(X)\Stab(X)/C, (1) 

contains the stringy Kahler moduli space Mk(X), which is in a mirror side X, isomorphic to 
the moduli space of the complex structures M.c{X). When X is an elliptic curve, M.c{X) is 
nothing but the modular curve, and we have the following complete picture [7J, 

AuteqL»(X)\ Stab(X)/C = M C {X) = H/ SL(2, Z), 

where 7i C C is the upper half plane. On the space ft, several automorphic functions (Eisenstein 
series, j-invariant) have been studied. Thus it is interesting to construct automorphic functions 
on the space Stab(X), purely from the categorical data of D(X), and compare the classical 
theory in the mirror side. 

1.2 Counting invariants of semistable sheaves 

D. Joyce's recent works [19], [20], [16], [T7], [21] are attempts to introduce some structures on 
the space Stab(X), such as Frobenius structures or automorphic functions. However for several 
technical reasons, his arguments work only on the space of stability conditions on an abelian 
category. What we are interested in this paper is the work [T7], where D. Joyce studies certain 
counting invariants of semistable sheaves on a K3 surface X. We denote C(X) C M(X) the 
image of Coh(X) — > J\f(X), and let a £ C{X) be a numerical class and A a Q-algebra. We 
consider a motivic invariant, 

T : (quasi-projective varieties) — ► A. (2) 

As an example, one can take A = <Q>(z) and T(Y) to be the virtual Poincare polynomial of Y. 
Using T, D. Joyce [T7] constructs an invariant I a (uj) € A which counts w-Gieseker semistable 
sheaves of numerical type a, and its weighted counting 

J a (uj)= r^>- x( ^'"' ) ( ~ 1)ra 1(?-1) f[r'(a;) £ A. (3) 

o?iH \-a n =a i=l 

Here oti € C{X) has the same reduced Hilbert polynomial with a and / = T(A X ) € A. Then 
Joyce [TT] showed that J a (uj) does not depend on a choice of u, so one can denote it by J a G A. 

The purpose of this paper is to translate the above work into the context of Bridgeland's 
stability conditions. As we see below, it is related to the automorphic functions on the space of 
stability conditions. Based on the results in [17] , D. Joyce proposes the following conjecture. 

Conjecture 1.1. \17[ Conjecture 6.25] Let X be a K3 surface or an abelian surface. For 
a € Stab*(X) and a € Af(X), there is € A, a certain weighted counting of a -semistable 

objects of numerical type a, such that 

(i) «/ a (o") does not depend on a choice of a. Hence we can write it J a £ A. 

(ii) If at C(X), then J a = J a . 

Suppose for instance Conjecture 11.11 is true. Let Auteq*D(X) be the group of autoequiv- 
alences on D{X) which preserve the component Stab*(X). Then the property (i) of Conjec- 
ture O implies that J a = J** a for $ G Auteq* D(X). (See Corollary OS below.) Based on 
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this observation, Joyce [T7] suggests that the map (ignoring convergence) 

Stab* (X) 3 a =(Z,V)^ ]T G A 0q C, (4) 

aeAf(X)\{0} W 

for /c G Z would give a holomorphic function on Stab* (AT) which is invariant under the action 
of Auteq* D(X), i.e. automorphic function on Stab* (AT). Our goal is the following. 

Theorem 1.2. Conjecture 1 1 . 1\ is true. 

As stated in [8] , [T7j , it is interesting to compare the formula (j3]) with the work of Borcherds [3] 
on the product expansions of the automorphic forms. 

1.3 Moduli problems 

The first issue in attacking Conjecture [Hi] is to develop the moduli theory of semistable objects in 
the sense of Bridgeland. The moduli theory of objects in D(X) is studied in some articles |14| . 
[13], [23], [l]. In the recent work of Inaba [13], he constructs some nice moduli spaces of 
complexes, using the notion of ample sequences. However the relationship between Bridgeland's 
stability conditions [7] and Inaba's stability conditions using ample sequences [13] is not clear. 
On the other hand, for our purpose we do not require the moduli spaces to have good properties, 
(projective, fine, etc). In fact we only need it to be an Artin stack of finite type. Thus in 
Section El we work over D{X) for an arbitrary smooth projective variety X and establish the 
general arguments to guarantee the moduli stacks to be Artin stacks of finite type. 

In Section El the work of Lieblich [23J would help us. Let M. be the moduli stack of objects 
E G D(X) which satisfies Ext <0 (£, E) = 0. Then he showed that M is an Artin stack of locally 
finite type over C. For a G M{X), (ieK and a = (Z,V) G Stab(A), we study the substack, 

M (a ^{a) C M, 

which is the moduli stack of E G V{(ft) and of numerical type a. At least we have to resolve the 
following two problems, addressed by pQ. 

• Generic flatness problem 

Let A = V{{0, 1]) C D(X) and 8 G D(X xS)a family of objects in D{X). Then is the 
locus sGSon which £ s G A an open subset of S? 

• Boundedness problem 

Does the set of objects E G of numerical type a form a bounded family? 

Let Stab*(X) be one of the connected components of the space Stab(X), and suppose it satisfies 
the Assumption I3.ll below. Especially we require a certain subset V C Stab*(X), which in 
several examples can be taken to be the so called neighborhoods of the large volume limits. The 
main theorem in Section E] is the following. 

Theorem 1.3. [Theorem I3.20j Assume the generic flatness problem and the boundedness 
problem are true for any a G V. Then for any a G Stab*(X), a G N{X) and (ft G M, the stack 
is an Artin stack of finite type over C. 

In Section HI we check that the assumption in Theorem 11.31 is satisfied when X is a K3 
surface or an abelian surface, and Stab*(X) is the connected component described in [5]. Thus 
we obtain the following. 
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Theorem 1.4. [Theorem 14. 12] Let X be a K3 surface or an abelian surface. Then for any 
a G Stab*(X), a G M(X) and cf> G R, the stack M^\a) is an Artin stack of finite type over 
C. 

1.4 Counting invariants of semistable objects 

The next step is to study the invariant determined by the moduli stack A4^ a '^(a). Given data 
([2]), we introduce J a (cr) £ A for a € N(X) and a G Stab*(X) in a completely similar way of 
J a (uj). Then translating the arguments in [T7| to the context of Bridgeland's stability conditions, 
we show the following in Section [SJ 

Theorem 1.5. [Theorem I5.24j The invariant J a (cr) G A does not depend on a choice of 
a G Stab*(X). 

Thus we may write J a (o~) = J a . Finally in Section O we compare J a and J a . 

Theorem 1.6. [Theorem \6&\ For a G C(X), we have J a = J a . 

By Theorem 11.51 and Theorem |1.6| the invariant J a (cr) satisfies the required property of 
Conjecture 11.11 
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Convention 

Throughout this paper we work over C. For a variety X, we denote by D{X) the bounded 
derived category of coherent shaves on X. For a triangulated category T, its Grothendieck 
group is denoted by K(T). When T = D(X), we simply write it K(X). 

2 Generalities on stability conditions 

The notion of stability conditions on triangulated categories was introduced in [7] to give the 
mathematical framework for the Douglas's work on Il-stability [10], [11]. Here we collect some 
basic definitions and results in [7], [6]. 

2.1 Stability conditions on triangulated categories 

Definition 2.1. A stability condition on a triangulated category T consists of data a = (Z, V), 
where Z : K(T) — > C is a linear map, and V(4>) C T is a full additive subcategory for each (dgK, 
which satisfy the following: 

• v(<f> + i) = v(4>)[i]. 

• If 0i > 4>2 and Ai G V(4>i), then Rom(A 1 ,A 2 ) = 0. 

• If E G V{(p) is non-zero, then Z(E) = m(E) exp(z7T(/>) for some m{E) G M>q. 
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For a non-zero object E G T, we have the following collection of triangles: 

= Eq >- E\ >■ E2 *■ • • • *- E n = E 





Ai A 2 A n 

such that Aj G V(<fij) with <j>\ > <f>2 > • • • > 4>n- 

We denote 4>„(E) = <\>\ and 4>^(E) = <j> n . The non-zero objects of V{4>) are called semistable 
of phase (j>, and the objects Aj are called semistable factors of E with respect to a. For an 
object E G T the mass m (T {E) G R>o is defined by 



D 

1=1 

The following proposition is useful in constructing stability conditions. 

Proposition 2.2. [7, Proposition 4.2] Giving a stability condition on T is equivalent to giving 
a heart of a bounded t-structure A C T, and a group homomorphism Z : K(T) — > C called a 
stability function, such that for a non-zero object E G A one has 

Z(E) G {rexp(ivr0) [ r > 0, < (j) < 1}, 

and the pair (Z, A) satisfies the Harder- Narasimhan property. 

For the Harder-Narasimhan property, we refer Definition 2.3]. For a non-zero object 
E G A, one can find <j>{E) G (0,1] which satisfies Z(E) G WL >Q e ilT ^ E \ We also call <j>{E) the 
phase of E. The correspondence of Proposition 12.21 is given by 

(Z,P)^(Z,P((0, 1])). 

Here for an interval I C R, the subcategory V(I) C T is defined to be the smallest extension 
closed subcategory which contains V(4>) for <fr £ I. In particular V((0, 1]) is a heart of a t- 
structure on T, and similarly 

A 4> = V{{<j>-l,(t>]), 

is also a heart of a t-structure for any <p G R. (See [3 Section 3].) On the other hand for 
<pi,4>2 G R with < 02—^1 < lj the category V((<pi, <fe]) is only a quasi-abelian category. We say 
a morphism E\ — ► i?2 in V(((j)±, <fo]) strict epimorphism if it fits into the triangle £3 — > i?i — > i?2 
with £3 G "P((0i,02]). For the detail, one can consult [7] Section 4], especially [TJ Lemma 4.3]. 

2.2 The space of stability conditions 

The set of stability conditions which satisfy the technical condition local finiteness [TJ Definition 
5.7] is denoted by Stab(T). It is shown in Section 6] that Stab(T) has a natural topology. 
In fact for a G Stab(T) and e > 0, there is a subset 

B £ (<j) C Stab(T), (5) 

and {B e (a)} £:C7 gives an open basis of Stab(T). We refer [7] Section 6] for the construction of 
B £ (a). Here we only note that for r = (W, Q) G B e {a), one has 

Q(0) cP((0-e,0 + e)), 

for any G R. (See Lemma 6.1].) Forgetting the information of "P, we have the map 

Z: Stab(T) — ►Homz(if(T) ) C). 
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Theorem 2.3. Theorem 1.2] For each connected component £ C Stab(T), there exists a 
linear subspace V(T,) C Homz(K(T), C) with a norm such that Z restricts to a local homeomor- 
phism, Z: £ — > T^(£). 

Let GL + (2,R) be the universal cover of GL + (2,R). There is the right action of GL + (2,R), 
and the left action of the group Auteq(T) on Stab(T) [7J Lemma 8.2]. By the description in 

loc.cite., the action of GL (2,R) does not change the set of semistable objects. The subgroup 

C C GL + (2,R) acts on Stab(T) faithfully. Explicitly for A G C and a = (Z,V), X(a) = (Z',V) 
with 

Z'(*) = e~ inX Z(*), V'(<t>) = V{$ + Re A). (6) 
2.3 Numerical stability conditions 

In general Stab(T) is infinite dimensional. So usually we consider the space of numerical stability 
conditions. (See Section 4].) Let X be a smooth projective variety. Recall that we have the 
pairing, 

X- D(X) x D{X) 3 (E,F) — » X (E, F) = ^(-1)' dimHom(£, F[i]) G Z, 

iez 

and it descends to the paring on K(X). 

Definition 2.4. We define the numerical Grothendieck group J\f(X) to be the quotient group, 

M(X) = K(X)/ = 

where E\ = E2 if and only if x(Ei,F) = x(E2,F) for any F € K{X). A stability condition 
a = (Z,V) on D(X) is numerical if Z : K(X) — > C factors through 

Z: K(X) — >N{X) — ► C. 

The set of locally finite numerical stability conditions is denoted by Stab(X). There exists 
a map [BJ Theorem 4.1], 

Z: Stab(X) — >M(X)* C , 

and since the dimension of J\f(X)c is finite, any connected component of Stab(X) is a complex 
manifold. In this paper, we introduce the notion of algebraic stability conditions, whose definition 
is not seen in the literatures. 

Definition 2.5. We call a stability condition a = (Z, V) G Stab(X) algebraic if the image of 
Z : J\f(X) -> C is contained in Q Qi. 

If a = (Z,V) is algebraic, then the image of Z is discrete and the abelian category "P((0, 1]) 
is noetherian [TJ Proposition 5.0.1]. Here we put a notation and an easy remark. 

Definition 2.6. Define 1 C R to be 

T = {(f) G R I there exists a rational point in R>oe i7r< ^}. (7) 

Note that X is a dense countable subset in R. 

Remark 2.7. Let us take an algebraic stability condition a = (Z,V) and (f) El. By ([6]), we 
can find g G C such that g(a) = (Z',V') is also algebraic and "P'((0, 1]) = V((4> — 1, <p\). Hence 
A<p = V (((/) — 1, 4>]) is also noetherian for <fi G I. 
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2.4 Wall and chamber structures 

Let Stab*(X) be one of the connected components of Stab(X). We use the wall and chamber 
structure on the space Stab*(X). For the detail one can consult [6j Section 9]. For a fixed 
a G Stab*(X), we say a subset S C D{X) has bounded mass if there exists m > such that 
Trier (E) < m fo r any E G S. Note that this notion does not depend on a choice of a G Stab*(X). 
(See [6j Definition 9.1].) The following is a slight generalization of [6j Proposition 9.3]. 

Proposition 2.8. Assume that for any bounded mass subsets C D(X), the numerical classes 

{[E]GN'(X)\EeS}, (8) 

is a finite set. Then for any compact subset 23 C Stab*(X) ; there exists a finite number of real 
codimension one submanifolds {W 7 j 7 G T} on Stab*(X) such that ifV is a subset ofT and C 
is one of the connected components, 

cc n(®nw 7 )\ U w 7, (9) 

7er' 7 ^r' 

then if E G S is semistable in some a G C, then it is semistable for all a G C. 

Proof. The statement is not seen in the literatures. However the proof is a straightforward 
adaptation of the proof of [BJ Proposition 9.3] and we leave the readers to check the detail. 
Here we only recall the construction of the walls {W 7 } 7 grj since it will be needed later. For a 
bounded mass subset S C D(X), Bridgeland [6, Proposition 9.3] considered another bounded 
mass subset S C S' C D(X), 

S' = {A G D(X) j there is some a G 25 and E G S such that m a (A) < m a (E)}, 

and let v%, ■ ■ ■ , v n G N(X) be the numerical classes of S'. Let T be the set of pairs (vi,Vj) such 
that Vi and Vj are not proportional in M(X). Then for 7 = (vi,vj) G T, W 7 is defined to be 

W 7 = {a = (Z,P) G Stab*(X) | Z( Vl )/Z(v 2 ) G K> }. (10) 

□ 

It is proved in [BJ Lemma 9.2] that the assumption of Proposition 12.81 is satisfied when X is 
a K3 surface or an abelian surface. 

We say a connected component Stab*(X) is full if the image of the map Stab*(X) — > M(X)^ 
is an open subset of M(X)^,. Note that if Stab*(X) is full, then the subset of algebraic stability 
conditions is dense in Stab*(X). Here we give the following easy lemma. 

Lemma 2.9. Assume that Stab*(X) is full. Let 25° be an open subset of Stab*(X) and its 
closure 53 is compact. Then for a connected component C of (E|), the set of points a G C which 
are algebraic is dense in C. 

Proof. There is no proof in the literatures, however by the description of the walls (|10p . it 
is easy to check that any intersection n 76 r'VV 7 contains a dense subset of algebraic stability 
conditions. □ 
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3 Moduli stacks of semistable objects 

The purpose of this section is to establish the general arguments to study the moduli stacks of 
semistable objects. Throughout this section, A is a smooth projective variety over C, and S is 
a C-scheme. We always assume S is connected. For an object £ G D{X x S) and a S'-scheme 
T — > S, we denote by £t the derived pull-back of £ to X x T. We denote 

the projections respectively. For a set of objects S C D(X), we say it is bounded if there is a 
C-scheme Q of finite type and J- G D(A x Q) such that any object E G S is isomorphic to .T-g 
for some g G Q. Also we say a map 

v \ S — > E, 

is bounded (resp bounded above, bounded below) if there is c € 1 such that < c. 

(resp ^(-E 1 ) < c, z^(-E) > c.) For the generalities of Artin stacks, one can consult [22]. In this 
section, we work over a connected component Stab* (AT) C Stab(A), which satisfies the following 
assumption. 

Assumption 3.1. 

• For any bounded mass subset S C D(X), the set of numerical classes (JSJ) is finite. 

• There is a subset V C Stab* (A) which consists of algebraic stability conditions and satisfies 
the following: for any algebraic a G Stab* (A), there exist <3? G AuteqD(A) and g G 

GL (2,R) such that g o $(cr) is also algebraic and contained in V. 

The above assumption is known to hold in several examples. For instance, if A is an elliptic 
curve, one can take V to be just one point of an algebraic stability condition [7j. When A is a 
K3 surface or an abelian surface, we will see in the next section that Assumption 13. II is satisfied. 

3.1 Openness of stability conditions 

Let A4 be the 2-functor 

M: (Sch/C) — ► (groupoid), 

which sends a C-scheme 5 to the groupoid Ai(S) whose objects consist of £ G D(X x S) which 
is relatively perfect [2'6\ Definition 2.1.1] and satisfies 

ExtX£ s , £ s ) = 0, for alH < and s G S. (11) 

For the detail we refer [23]. Lieblich showed the following. 

Theorem 3.2. [23] The 2-functor A4 is an Artin stack of locally finite type over C. 

Let us fix a = (Z,V) G Stab*(A), G R and a G Af(X). Note that any object E G V(4>) 
satisfies (jlip . Thus it is possible to define the following. 

Definition 3.3. We define M^ a, ^(a) to be the set of cr-semistable objects of phase <j> and 
numerical type a, and 

M {a '^(a) C M, 

the substack of objects in M i - a ^\a). 
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We have the following. 

Lemma 3.4. Assume M( q,< ^(<t) is bounded and A4^ a '^(a) is an open substack of M. Then 
is an Artin stack of finite type over C. 

Proof. Let M — > A4 be an atlas of A4. The openness of A4^ a '^'(a) implies there is an open 
subset M° C M which gives a surjective smooth morphism M° — > A4^ a '^(cr). Furthermore the 
boundedness of M^ a '^(cr) implies there is a surjection M' — > M° from a finite type C-scheme 
M'. This implies M° is also of finite type, and it gives an atlas of AAS a,< ^{a). □ 

Our purpose here is to give the sufficient condition for A4^ a '^(a) to be an open substack of 
Ad. We consider the following claim. 

Claim 3.5. For a smooth quasi-projective variety S and £ G A4(S), assume that the locus 

S° = {s G S | £ s is of numerical type a and S s G V((p)}, (12) 

is not empty. Then there is an open subset U C S which is contained in S° . 

By the following lemma, it is enough to consider Claim [331 

Lemma 3.6. Assume Claim [375\ is true. Then A4^ a '^\a) is an open substack of Ai. 

Proof. By Theorem 13.2} it suffices to show that for an arbitrary affine C-scheme S of finite type 
and £ G M(S), the locus f)12j) is open in S. Assume Claim [331 is true and take an affine C- 
scheme S of finite type and £ £ A4(S). Assume that the locus (fT2]l is not empty. Let g: S' — ► S 
be a resolution of singularities. Note that the locus S ° C S' determined by £$' € A4(S') and 
(fT2|) is not empty because g is surjective. Applying Claim [531 to £$', there is an open subset 
U[ C S' such that U[ C S°. Restricting to the locus where g is an isomorphism, we obtain an 
open subset U\ C S such that U\ C S°. Let Z\ = S \ U\. If Z\ n S° is empty, we have S° = U\. 
Otherwise take the pull-back £z 1 G M.[Z\) and apply the same argument. Then we obtain an 
open subset JJi C Z\ n 5° in Z\ and a closed subset Z2 = Z\\U%^ which is also closed in S. 
Repeating this argument, we get a sequence of closed subsets in S, 

■ ■ ■ c Z n c Z n -\ c • • • c Zx, 

which must be terminate because S is noetherian. Then Z = HiZi is a closed subset of S and 
we have S° = S \ Z. Therefore 5° is open. □ 

3.2 Sheaf of t-structures 

Here we introduce the sheaf of t-structures studied by D.Abramovich and A.Polishchunk [1]. 
Let A C D{X) be a heart of a bounded t-structure and assume that A is noetherian. Take a 
smooth projective variety S and an ample line bundle C G Pic(S'). 

Theorem 3.7. [1, Theorem 2.6.1] The subcategory 

A S = {F G D(X x S) I Rp*(F <S) C n ) G A for all n » 0}, 

is a heart of a bounded t-structure on D{X x S), independent of a choice of C Furthermore it 
is a noetherian abelian category. 
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The subcategory As C D(X x S) extends to a sheaf of bounded t-structures [U Theorem 
2.7.2], i.e. for an open subset j: U C S, there exists a heart of a bounded t-structure Ay C 
D(X x U) such that 

(id x j)* : D(X xS) — ► D(X x U), 

takes As to Ay. Moreover it is shown in [1] Lemma 3.2.1] that As — > Ay is essentially surjective, 
and Ay does not depend on a projective compactification U C S. Thus one can define As for 
a smooth quasi-projective variety S. One of the necessary fact for our purpose is the following 
open heart property. 

Theorem 3.8. [1, Theorem 3.3.2] For a smooth quasi-projective variety S and £ £ D(X x S), 

assume there exists s £ S such that £ s £ A. Then there exists an open neighborhood s £ U C S 
such that £y £ Ay. 

We say £ £ As is t-flat if for any s £ S one has £ s £ A. Since U 1— > Ay is a sheaf of 
t-structures, if £ £ M.{S) satisfies £ s £ A for all s £ S, then Theorem 13.81 and [1, Lemma 2.1.1] 
show that £ £ As and it is t-flat. For a closed point s £ S and the inclusion i s : Xx {s} X x S, 
it is shown in [T] Lemma 2.5.3] that 

Li*: D(X x S) -» DpO, 

is right t-exact with respect to the t-structures with hearts As, A respectively. Thus one has 
the following lemma. 

Lemma 3.9. Let ^> H — > £ ^> T — > be an exact sequence in As and assume that £, T are 
t-flat. Then Ti is also t-flat. 

For our purpose, we have to consider the following problem called generic flatness problem. 

Problem 3.10. [1, Problem 3.5.1] For £ £ As, is there an open subset U C S such that for 
each s £ U, we have £ s £ A? 

Remark 3.11. If Problem 13. 101 is true, the same argument of Lemma 13.61 shows the following: 
for an arbitrary C-scheme S of finite type, the points s £ S on which £ s £ A is in fact open. 

In p], there is a partial result for Problem 13.101 

Proposition 3.12. [1, Proposition 3.5.3] For £ £ As, there is a dense subset U C S such 
that for each s £ U , we have £ s £ A. 

The generic flatness problem requires U to be open in Zariski topology. Let us take an 
algebraic stability condition a = (Z,V) £ Stab*(X). The purpose here is to reduce Claim [331 
to Problem ETUI 

Lemma 3.13. Let S be a smooth quasi-projective variety, </> £ M and a £ N{X). 

(i) For £ £ A4(S), assume the locus S° defined by (Wjl is non-empty. Then S° is dense in 

S. 

(ii) In the same situation of (i), assume Problem \3.10\ is true for A^ = V((cp — 1, </>]). Then 
S° contains an open subset of S. (Thus Claim HOI is true for this (ft £ M.) 

Proof, (i) Because 5° is non-empty and a is algebraic, we have (ft £l. Hence A^ = V(((ft— 1, (ft]) 
is noetherian by Remark 12.71 Let us take s £ S°. Note that £ s £ V((ft) C A^. Thus by 
Lemma f2.7l and Theorem 13. S\ there exists an open subset s £ U C S such that £y £ A$ u- 
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Therefore by Proposition 13.121 there exists dense subset U' C U such that for s' G U' , we have 
£ s i G At/,. Since £ s > is numerically equivalent to £ s , we have Z(£ s /) G ]R > oe* 7r<?i . This implies 
£ s / G P (<£), hence U' CS°. 

(ii) If we assume the generic flatness for A,p, then we can take U' in the proof of (i) to be 
open. □ 

3.3 Boundedness of semistable objects 

Here we discuss the boundedness of semistable objects and certain quotient objects. We fix an 
algebraic stability condition a = {Z^V) G Stab*(X), and consider the following problem. 

Problem 3.14. Is the set of objects M^ a '^(a) bounded, for any a G N{X) and <fi G R ? 

Let A = P((0, 1]). We show the following. 

Lemma 3.15. Assume Problem \3.1J\ is true for a fixed a . Then for any 4> G (0, 1) and G G A, 
the following set of objects, 

Q(G, 4>) = {E G A | there exists a surjection G -» E in A and 4>{E) < cj)}, 

is bounded. 

Proof. For E G Q(G,(p), let iq,^,--- ,F n r E \ be the semistable factors of E in a such that 
Fi G V{4>i) and cj)\ > fa > ■ ■ ■ > <p n {E)- We have 

n(E) 

^lmZ(Fi) = lmZ(E) <1mZ(G). (13) 

i=i 

Note that lm.Z(Fi) > except i = 1. Because a is algebraic, the image M(X) — > C ^5 R is 
discrete. Thus (|13|) implies that the map E i— > n(E) on Q(G,(p) is bounded, and the following 
set 

{Im Z(Fi) G Q | 1 < i < n(E),E G Q(G, </»)}, (14) 

is a finite set. 

Next there exist surjections, G -» E -» F ra (£;) in ^4, so we have 4>„{G) < (f> n (E) ^ 0i f° r 
1 < % < n(E). (See [7J Lemma 3.4].) Thus the map on Q(G, (/>), 

— »• max{Re Z(Fi) | 1 < i < n(E)} G Q, (15) 

is bounded above. On the other hand since <f>(E) < <p < 1 and Im Z(E) < Im Z(G), the following 
map on Q(G, 4>), 

n(E) 

E> — yReZ(E) = ^2ReZ(Fi), (16) 

i=i 



is bounded below. Combined with the fact that (|15p is bounded above, the following set 

{ReZ(Fi) G Q | 1 < i < n(E),Ee Q(G, </>)}, (17) 
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is a finite set. Then the finiteness of (|14h . (I17p and Assumption 13.11 imply that the following set, 

{[Fi] g N(X) j l<i<n(E),E eQ(G,<f>)}, (18) 

is a finite set. Since we assume that Problem 13. 141 is true, the finiteness of (I18D implies that the 
set of objects 

{Fi | 1 < i < n(E),E G Q(G, (j))}, 
is bounded. Thus Q(G,<p) is also bounded by Lemma T3.16I below. □ 

Here we have used the following easy lemma. 

Lemma 3.16. Let Si C D(X) be the sets of objects for 1 < i < 3 and S\, S2 are bounded. 
Assume that for any object £3 G S3, there is E; L G Si for i = 1,2 and a triangle, 

F\ — > E3 — ► E2. 

Then S3 is also bounded. 

The proof is easy and leave it to the reader. In fact it is enough to notice that Ext 1 (E2, E{) 
is finite dimensional. 

Assuming Problem 13.101 and Problem 13.141 we can construct certain schemes which param- 
eterize quotient objects. Let £ G As be a t-flat family and take <fi G (0,1). We consider the 
following functors, 

£uot(£,<j)),yub(S,4>): (Sch/S) — ► (Set), 

such that J2uot(£, (ft) (resp yub{£, <p)) takes a S'-scheme T to the isomorphism classes of objects 
J- G M(T) together with a morphism £t —* T , (resp T — > £t) such that 

• For each closed point t G T, Tt is contained in A and 4>{Tt) < 4>- (resp </>(^t) > 4>.) 

• For each closed point t G T, the induced morphism £t — > Tt is a surjection in ^4. (resp 
JT t — > £" t is an injection in A) 

We show the following. 

Proposition 3.17. For a fixed a, assume Problem \3.1(H for A = P((0, 1]) and Problem \3.14\ 
are true. Then for any 4> G (0,1) there exist S-schemes Q{£,4>), S{£,<p) which are of finite type 
over S, and morphisms over S, 

Q(£,<f>) — ► £uot(£,(f>), 
S{£,4>) — ► yub(£,<f>), 

which are surjective on C-valued points of £2uot{£,<p) and yub{£,4>). 

Proof. First let us construct Q(£, <p). By [lj Lemma 2.6.2], there exists an object G G A, n G Z 
and a surjection Gs (8> C~ n — » £ in As- Note that the induced morphism G — > 5 S is a surjection 
by Lemma 13.91 By the assumption and Lemma 13.151 there is a C-scheme Q\ of finite type over 
C and an object T G M{Q\) such that any object in Q(G,<f>) is isomorphic to F q for some 
q G Qi. Let Q\ be 

Q? = {q G Qi I ^ 9 G A}. 
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Since we assume the generic flatness for A, the locus Q\ is open in Q\. Set Q2 = Q\ x S and 
we regard it as a 5-scheme via the projection Q2 — » S*. By [231 Proposition 2.2.3], there exists 
an affine open subset U G Q2 such that the functor Coh(C7) — > Coh({7) sending M to 

M 1 — > H°{Kqu*^Hom{£u ® 9t/Af)), (19) 

has the form Tiom(£jj,M) for some locally free sheaf £[/ on £7. Here ^77 is the pull-back of T 



via 



UcQ 2 ^QtcQ 1 . 



Set Q2 = (Q2 \U)\JU and apply the same procedure to £q> 2 and J^q^ repeatedly. Then we 
obtain an affine scheme of finite type Q3 with a morphism Q3 ^ Q2, which is bijective on closed 
points, and a locally free sheaf £ on Q3 such that the functor Coh.{Q%) — ► Coh(Q3) given in the 
same way as (|19|) has the form Tiom(£, *). Furthermore the functor 

(T Q 3 ) 1— ► W (R 9T 3Wom(^,f T )) G Coh(T), 

is represented by V(£) by |23} Proposition 2.2.3]. Thus there exists a universal morphism 

cone, i.e. fits into the distinguished triangle in D(X x V(£)), 

H > £ Y fy * ^Yis) ■ 

For q G V(£ ), note that T q is contained in A. Thus the induced morphism £ q — ► ,F g is surjective 
in „4 if and only if W g G .A. Then define Q(£, cj>) to be the locus, 

Q(£,0) :={q£Y(£)\H q (£A}. 

Again Q(£,(j)) is an open subscheme of V(£), in particular it is of finite type over S. The 
restriction of £y/g\ - > ^V(S) *° Q(^> 0) induces a morphism, 

Q(£,0) — ► £uot(£,(j)), 

which is surjective on C-valued points by the construction. 

Next we construct S (£,((>). Since tfi(£ s ) does not depend on s G S, we can easily see the 
following: there exists 4>' G (0, 1) such that for any s G S and a subobject C £ s in .4 
with 0(H) > (f>, we have <p{£ s /TL) < 4>' . Let us consider Q{£,(p') and the universal quotient 
£q(£ ,<(,') -> f on I x Q(£,<p'). We consider the distinguished triangle, 

H ► £q(£,cP') — ► -T 7 - 

Note that H g G -4, thus one can define its phase 4>(7i g ) G (0, 1]. Then we construct S(£,cp) as 
follows, 

S(£^) = {q^Q(£A') I 0(W g ) >0}- 

Since q 1— ► 4>(7i q ) is locally constant on Q(£,(p'), the locus S{£,4>) is a union of the connected 
components of Q(£, (/)'), in particular of finite type over S. The induced morphism "Hs(sm — > 
£s(£,<j>) gives a morphism <S(£, 0) — > S^ub(£, 4>), which is surjective on C-valued points. □ 
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3.4 Generic flatness for = V((<f> - 1, <j>)) 

Again we fix an algebraic stability condition a = (Z,V) G Stab*(X). Here we study the generic 
flatness for V(((f> — 1, <j>]) under several assumptions. The purpose here is the following. 



Proposition 3.18. Under the same assumption as in Proposition 3.17, let us take <j> G T. Then 
Problem\3ABis true for A^ = V{{4> - 1, <j)\). 

Proof. For £ G -4.0,5, let us find an open subset U C S on which £ s G A<f,. We may assume 
< <j> < 1. By [U Lemma 3.2.1] we may also assume S is projective, and let C G Pic(S) be an 
ample line bundle. Then £ G A/>,s implies, 

Rp*(£ (8> £ ra ) G V{{4> — 1, 0]), (20) 

for n » 0. For „4 = 7'((0, 1]), we denote by -ff^(*), H^ s (*) the i-th cohomology functors on 
D(X), D(X x 5) with respect to the t-structures with hearts A, As respectively. Then (|20l) 
implies 

fl>(Rp*(£ ® £ n )) = unless i = 0, 1. (21) 

On the other hand, we have 

Kp*(H l As (£ g> £ n )) = Rp*(iT^ s (£) ® £ n ) G A (22) 

for n 3> 0. The first equality comes from [H Proposition 2.1.3]. Thus (|21|) and (|22|) imply 

Rp*(#jl s (£) ® £") = unless » = 0, 1, (23) 

for n S> 0. It is easy to deduce from (f23l) that iIV(£) = unless z = 0, 1, by using the standard 
t-structure on D{X x S). For i = 0, 1, denote £ ? = H^ s (£) G As. Since we assume the generic 
flatness for A, there exists an open set Si C S such that for s G Si one has £\ G A Since we 
have the distinguished triangle £ — > £ — ► £ [— 1], we have the distinguished triangle in D(X), 

>£„— >fi[-l], 

for s € Si. Hence for s £ Si, £ s & A<j> is equivalent to the following, 

£ S °GP((O,0]), ^%1]). (24) 

Thus it is enough to find an open set U C Si where (I24p holds. Note that by Proposition 13.121 
the set of points s G Si on which (|24|) hold is dense in S. First let us consider the locus where 
£} G V((4>, 1]) holds. Let 7T0 be the composition of the morphisms, 

vr : Q(£ l ,</>) — > ^not (£ 1 , 0) — » S, 

constructed in Proposition 13.171 Note that £• G 1]) if and only if there is no surjection 

£} -» F in A with (/>(-F) < <f). Thus G V (((/), 1]) if and only if s £ mi7r^, and such points are 
dense in Si. This implies is not dominant. Because Q(<5 1 ,0) is of finite type, there is an 
open subset U C Si \ im7r^, and (f2"4"|) holds on U. 

We can argue in a similar way (using S(£,4>) instead of Q{£,4>)) to find an open subset 
U C Si where £® G V((0, <f>\) holds. We leave the detail to the reader. □ 
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3.5 Sufficient conditions for Ai^ a '^\a) to be an Artin stack of finite type 

Here we give the sufficient condition for J\A^ a '^{a) to be an Artin stack of finite type. First let 
us consider a slight generalization of Proposition 13.171 As before we fix an algebraic stability 
condition a = (Z,V) G Stab* (A), and A = V((0, 1]). Take (j>o,4>i G X with 0i — 0o < 1, and 
£ G A4(S) which satisfies £ s G "P((0o, 0i]) for all s G S. We define the functor, 

£uot(£, o ,0i): (Sch/5) — ► (Set), 

by associating a 5-scheme T to the set of isomorphism classes of J- G A4(T) together with 
a morphism £ t — ► J- such that for each t G T, the induced morphism £t — > Tt is a strict 
epimorphism in V(((f)Q, 0i])- We need the following. 

Lemma 3.19. Under the same assumption as in Proposition 3.11\ take 0o,0i £ 1 as above. 
Then there exists a S-scheme Q(£,0o,0i) of finite type over S and a morphism 

Q(£,0o,0i) — ► =Suoi(£, o ,0i), 
which is surjective on C-valued points. 

Proof. Let us take 02 G X which satisfies 0o, 4>i G (02 — 1, 02), and G G »4.0 2 = 7 ? ((02 — 1, 02])- 
By Remark |2.7( one can apply Lemma T3.15I and conclude that the following set of objects 

Q(G, 0o, 0i ) = {E G "P((0o, 0i]) | there exists a surjection G -» E 1 in «4^ 2 }, 

is bounded. As in Proposition 13.171 there exists a surjection Gs ® C~ n -» £ in «4.<£ 2 ,<S for some 
n G Z and £ G Pic(5) is an ample line bundle. By the boundedness of Q(G, 0o,0i), there 
exists a C-scheme Q\ of finite type and T\ G D(A x Q\) such that any object in Q(G, 0o,0i) 
is isomorphic to JF 1(J for some q G Qi. By the assumption and Proposition 13.181 the generic 
flatness holds for 7 ? ((0 — 1,0]) with G X. Thus the locus 

Q? = {gGQx |^GP((0 o ,0i])}, 

is open because we have, 

P((0o, 0i]) = P((0 , 0o + i]) n P((0! - 1, 0x]). 

Now we can follow the same construction as in Proposition 13.171 and obtain Qi = Q\ x S, 
Qs — > Q2, £ G Coh(Q 3 ), and Q(£, O , 0i) C Y(£) as desired. □ 

The following is the main theorem in this section. 

Theorem 3.20. Under the Assumption ^. 1\ assume that for any a = {Z,V) G V, Problem V3.HA 
for A = P((0, 1]) and Problem \3.1J\ are true. Then for any a G Stab*(A), a G N{X) and 
G R, the stack Ai^ a '^(a) is an Artin stack of finite type over C. 

Note that by Lemma 13.41 and Lemma 13.61 it suffices to check Claim 13.51 and Problem 13.141 
Also note that by Proposition 13.181 and Lemma 13.131 (ii), the result holds for any a G V. We 
divide the proof into some steps. 

Step 1. The result holds for an algebraic stability condition a = (Z,V) G V. 
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Proof. First we show Claim [331 holds. For a smooth quasi-projective variety S and £ G A4(S), 
assume the locus 5° defined by (fT2j) is non-empty. Note that 5° is dense in S by Lemma 13.131 
(i). Since a G V, there exists a' = (Z',V) G V and 0, G (0 - 1/2,0 + 1/2) n X for < i < 5 
such that 

v{4>) c r'((<p , 0i]) c p((0 2 , </» 3 ]) c p'((0 4 , 5 ]) c ^((^-^ + ^)- 

For £ G P((0- 1/2,0 + 1/2]), we denote by 0(F) G (0-1/2,0 + 1/2] the phase with respect to 
the stability function Z. By the assumption for a' G V and Proposition I3.18[ there is an open 
subset S\ C S on which £ s G 'P / ((0o, 0i]). Now we have 

{s G <S | f s is not semistable in a} 

= {s G S | there is a strict epimorphism £ s -» F in "P((02, 03]) with 0(F) < 0(£ s )} 
C {s G 5 there is a strict epimorphism £ s -» F in 7 ?/ ((04, 0s]) with 0(F) < 0(£ s )}. 

On the other hand, assume there is a strict epimorphism £ s -» F in 7- ,/ ((04, 0s]) with 0(F) < 
4>{£ s ). Then it is a surjection in V{{4> — 1/2, + 1/2]), and 0(F) < 0(£ s ) implies £ s is not 
semistable in a. Thus we obtain, 

{s G 5 | £ s is not semistable in a} 

= {s e S \ there is a strict epimorphism £ s -» F in 'P'((04, 0s]) with 0(F) < 0(£ s )}. 

Let 

^ 4 ,<fe : 2(^,04,05) > 5 1 

be the S'-scheme constructed in Lemma f3. 191 applied for a'. Let £q(e,<P4,<p 5 ) — > F be the universal 
epimorphism on X x Q(£, 04, 0s) and define Q (£, 04, 0s) to be the locus 

g°(£,0 4 ,0 5 ) := {q G Q(£,0 4 ,0 5 ) I 0(F 9 ) < 0(^)}. 

Since g i— > 0(F g ) is locally constant on Q(£ ,04,0s), <2°(£, 04, 0s) is a union of connected com- 
ponents of Q{£ , 04, 05), in particular it is of finite type over S. Let tt2 4 ^ be the restriction of 
^tpA,^ t° Q°(£> 04; 05)- Then for a point s G S, s G 5° if and only if s ^ ini7r^ 4 . . This implies 
S \ im 7r^ 4 ^ 5 is dense, thus there exists an open subset U C S \ im 7r^ 4 ^ . 

Next we check that M^(a) is bounded. Take E G M^\a) and let F G ^'((00,01]) for 
1 < i < n(F) be the semistable factors of E in c'. Because cr' is algebraic and 0i — 0o < 1, the 
map F i— > n(F) is bounded on M^ a '^(a) and 

{Z'(Fi) G C | 1 < i < n(F),F G M^((r)}, 

is a finite set. Since we assume that Problem 13. 141 is true for a', the set of objects 

{Fi | 1 < i < n(F),F G M (a '^(o-)}, 

is bounded. Thus M( q,< ^(ct) is also bounded by Lemma 13.161 

□ 

Step 2. T/ie result holds for any algebraic stability condition a G Stab*(X). 
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Proof. Note that $ G Auteq-D(A) induces a 1-isomorphism, 

M 3 Ei — >$(E) G M 

Also note that an action of g G GL + (2,R) does not change the set of semistable objects. Thus 
we have 

for some <j)' G R. Hence if the result holds for a G Stab* (A), then it also holds for g o <&(o~) 

for any $ G Auteq-D(A) and g G GL (2,R). Thus the result holds for any algebraic stability 
condition a G Stab* (A) by Assumption 13,11 and Step [TJ □ 

Step 3. The result holds for any a = (Z,V) G Stab*(X). 

Proof. Let a G 25° C Stab* (A) be an open neighborhood of a such that its closure 25 is compact. 
Let S C D(X) be 

S : = {-E 1 G D(X) | is of numerical type a and semistable in some a 1 G 25}. 

Then iS has bounded mass, hence by Assumption 13.11 and Proposition 12.81 there exists a finite 
number of codimension one walls {W 7 } 7 er which gives a wall and chamber structure on 25. Let 
f C T be the subset which satisfies, 

^ n \ u w t ( 25 ) 

7er' 7 ^r' 

Let C be the connected component of the right hand side of (|25p which contains a. Then if E 
is of numerical type a and semistable in a, then it is semistable for any a' G C. We can take 
a' = {Z',V) to be algebraic by LemmaEU Thus M^(a) = M^'\a f ) for some 4>', and the 
result follows from Step [2] 

□ 

Remark 3.21. Note that Assumption 13.11 and Proposition 13.181 also imply the following: the 
set of a = (Z, V) G Stab*(A) such that V((4> — 1, (/>]) satisfies the generic flatness for any (f> G X 
is dense in Stab* (A). 

4 Semistable objects on K3 surfaces 

In this section we assume A is a K3 surface or an abelian surface. The aim of this section is to 
show that the assumption in Theorem 13.201 is satisfied in this case. 

4.1 Mukai lattices and Mukai vectors 

Let NS*(A) be the Mukai lattice, 

NS*(A) = Z0NS(A) ©Z. 
For Vi = (ri, k,Si) with z = 1,2, its bilinear pairing is given by 

(vi,v 2 ) = h ■ h ~ ns 2 - r 2 si. (26) 
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For an object E € D(X) its Mukai vector is defined as follows. 



v(E) = dv{E)^/idx 

= (r(E), Cl (E),ch 2 (E) + e-r(E)). 

Here e = 1 if X is a K3 surface and e = if X is an abelian surface. Sending an object to its 
Mukai vector gives an isomorphism, 

v. Af{X) NS*(X). (27) 

Under the identification (j27H . the bilinear pairing —x{E\,E2) on the left hand side goes to the 
pairing ([26]) . 



4.2 Twisted Gieseker-stability and /i-stability 

We recall the notion of twisted Gieseker-stability and //-stability on the category of coherent 
sheaves Coh(X). For the detail, one can consult [T2], [55]. Take C,M. £ Pic(X), and suppose 
C is ample. For E £ Coh(A") one can write the twisted Hilbert polynomial as follows, 

d 
i=0 

for a,i € Q and ad ^ 0. For u = c\{C) and (5 = c\{M), define the twisted reduced Hilbert 
polynomial P(E, (3,u,n) to be 

P(E, (3, uj, n) = (28) 

ad 

When (3 = 0, we simply write it P(E,uj,n). Note that (I28p is calculated by chern characters 
of E, A4 and £. Thus by formally replacing the chern characters by their fractional, we can 
define P{E, (3,ui,n) for Q-divisors and uj, and E £ N{X). Explicitly when v(E) = (r,l,s) 
with r > 0, we have 

_ o 2(l-r(3)-uj {I 2 - 2rs - (I - r(3) 2 } 2e , , 

rw z r A ui z uj z 

and (I28D = n + {s — (3 ■ l)/ui ■ I when r = 0, / 7^ 0, and (j28H = s when r = I = 0. Also for a torsion 
free sheaf E, define fiuj(E) € Q to be 

< 1 I ■ uj 

fi u (E) = • 

r 

Definition 4.1. For a pure sheaf 6 Coh(X), we say 2£ is (/?, u)-twisted (semi)stable if for 
any subsheaf F C E one has 

P(F ) Aw ! n)<P(£,Aw,n), (resp <), 

for n ^> 0. If /3 = 0, we say simply w-Gieseker (semi)stable. Also a torsion free sheaf E is 
fi^j- (semi) stable if for any subsheaf F C E one has 

HwiF) < Hu(E), (resp <). 

There are notions of Harder-Narasimhan filtrations in both stability conditions 



18 



4.3 Stability conditions on K3 surfaces 

Here we recall the constructions of stability conditions on a K3 surface or an abelian surface X 
studied in [Sj. Let (3, u be Q-divisors on X with to ample. For a torsion free sheaf E G Coh(X), 
one has the Harder-Narasimhan filtration 

= £ o c£iC-C £ n _i C E n = E, 

such that Fi = Ei/Ei+% is ^-semistable and n w (Fi) > //^(Fj+i). Then define Trp !U >) C Coh(X) 
to be the subcategory consists of sheaves whose torsion free parts have //^-semistable Harder- 
Narasimhan factors of slope /J. w (Fi) > f3 ■ u. Also define F{8,<J) C Coh(X) to be the subcategory 
consists of torsion free sheaves whose /x^-semistable factors have slope [i^{Fi) < /3 ■ u. 

Definition 4.2. We define A<p^\ to be 

A iM = {Ee D(X) | H-\E) G r (M ,H°(E) G T { p, u) }. 

Remark 4.3. Note that different choices of (5, uj may define the same category Am iUJ y For 
instance, we have Arp,ku>) = Arp iU ) for k G Q>i- 

We define Zfp jU) ) : ftf(X) — > C by the formula. 

Z(M(E) = (exp((3 + iu),v(E)). (30) 
Explicitly if v{E) = (r, I, s) and r ^ 0, then (|30f) is written as 

Z {M {E) = ± {(I 2 - 2rs) + r 2 co 2 -{I- r0) 2 ) + i(l - r(3) ■ u. (31) 

If r = 0, (f3"U]) is written as Z(-E') = (— s + / ■ (3) + i(Z • u). We define crgoj) to be the pair 

(Z(p,u),A(p 7U )). 

Proposition 4.4. [SI Lemma 6.2, Proposition 7.1] The subcategory Arp jU; ) C D{X) is a 
heart of a bounded t- structure, and the pair o~(g iUJ \ gives a stability condition on D{X) if and 
only if for any spherical sheaf E on X, one has Z^^(E) (jz M<o- This holds whenever 

Let Stab*(X) be the connected component of Stab(X) which contains 0(j3,u), and define 
V C Stab*(X) to be 

V = {(Ttpu) G Stab*(X) | CT(p w) satisfies the assumption in Proposition 14.41 } 

The following is stated in j6j Section 13]. 

Theorem 4.5. The connected component Stab*(X) and the subset V C Stab*(X) satisfy As- 
sumption \3.1l 



Finally we give the following useful lemma. 

Lemma 4.6. (i) If E G D(X) satisfies Rom(E,E) = C, then v(E) 2 > -2. 

(ii) For Q-divisors (3, to with uj ample and m G M>o, the set of Mukai vectors 

{t)6NS*(I) | v 2 > -2,\(exp(P + iw),v)\ < m}, 

is finite. 

(Hi) For E G M(X), assume v(E) = (0, 1, s) G NS*(X) with I ^ 0. Then 

Re Z (g ^(E) 

P(E, p,u,n) = n- y / pi G QN • (32) 
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(iv) For E,E' 6jV(X), P(E,/3,u,n) = P(E' , P,u,n) if and only if 
for infinitely many £ Q. 

Proof, (i) is proved in j5J Lemma 5.1] and (ii) is proved in [6j Lemma 8.2]. (iii) and (iv) follow 
easily from flM]) and fl3T]). □ 

4.4 Generic flatness for -A^). 

Here we show the generic flatness in a special case. 
Lemma 4.7. Problem \3.10\ is true for A = 

Proof. Let S be a smooth projective variety over C, C G Pic(S') be an ample line bundle. Let 
us take £ G As- By the definition of As, we have 

for n ^ 0. In particular Rp*^ <g) £ n ) is concentrated in degree [—1,0]. Note that the following 
spectral sequence 

E% = R%(Hi(£) ® £ n ) R i+ ip*(£ ® £ n ), 

degenerates for n ^> 0. Therefore H 3 {£) = unless j = —1 or 0. By [12, Theorem 2.3.2], there 
is an open subset U C S and nitrations of coherent sheaves, 

H~ l (£)u = F° D F 1 D ■ ■ ■ D F k , H°(£)u = T° D T 1 D ■ ■ ■ D T l , 

such that 

• Each F l and T l are flat sheaves on U. 

• For s G U, the filtrations 

H-\£) s = F s ° D F, 1 D ••• D F^ H°(£) S =T* D T, 1 D ■ ■ ■ D T l s , 

are Harder-Narasimhan filtrations in w-Gieseker stability. 

Note that £ s G -4(/3,£j) is equivalent to 

fJ>w(Fs) <P-uj, Huffi/T}) > (3 ■ uj or F°(£) s is torsion , (33) 

and such points are dense in S by Proposition 13.121 For each i, s,s' G U, the coherent sheaves 
Fg, Tl are numerically equivalent to F l s ,, T l s , respectively. Therefore (j33|) holds for any s G U. 
This implies £ s G «4.(j9 )W ) f° r an Y s £ U. □ 
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4.5 Boundedness of semistable objects 

Next we check the boundedness of M a (a^ UJ ^), where 0(/3 jU ) G V. Let us prepare some notation 
and lemmas. For E G «A(/3,uj)> let 

tf°(£)tor C H°(E), 

be the maximal torsion subsheaf of H° (E) , and set 

H°(E) fr = H°(E)/H°(E) tm . 

Let 

Ti,-- - ,T a(E) eCoh(X), 

Fi,-- > ^d(£) > > ■ • • > ^e(B) G Coh( A) , 

be //^-stable factors of H°(E){ T , H~ 1 {E) respectively. Also let 

T a(E)+i ,■■■■> T b{E) > r 6(£)+i > ' ■ ■ > r c(£) G Coh( A) 
be (/3, w)-twisted stable factors of H°(E) toi . For the numbering, we set as follows. 

dim!; = 2 (1 < i < a(£)), 
dimTi = 1 (a{E) < i < b(E)), 
dimTi = (b(E) < i < c(E)), 
ImZ (/3)W) (F i [l])>0 (l<i<d(E)), 
Im% w) (F i [l])=0 (d(E)<i<e{E)). 

Also for a G M(X), define the set of objects M a ((3,uj) to be 

M a (/?,u;) = {E G | Im% w) (B) < ImZ (M (a)}. 

We prepare the following lemma. 

Lemma 4.8. The maps on M a (f3,uj), 

E< — >b(E), Ei — ► d(E), 

are bounded. Furthermore the sets 

{Im Z {M (Ti) G Q | 1 < i < c(E),Ee M a ((3,oj)}, (34) 
{Im% w) (F 4 [l]) G Q | 1 < i < e(E),E G M a (/3,u,)}, (35) 

are finite sets. 

Proof. For E G M a ((3, uj), we have the inequality, 

6(B) d(E) 
> lmZ (M (E) = ImZ^Ti) + £ Im% jW) (F,[l]). 
i=i i=i 

Note that each term of the above sum is positive. Noting that (3 and to are rational, we can 
conclude the result. □ 
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The next step is to bound the real parts of Z^^(Ti) and Ztp^\{Fj\i\). For the later use, 
we also give the bound of real part of Z(p^ kuJ ){*) for k > Q>±. 

Lemma 4.9. There exist constants C , C , N, which depend only on a, (3 and u such that 
1 



Re% )M (Ti)>Re% )aj) (TO>C (1 < i < a (E)), (36) 
ReZ^ kw) (Fi[l]) < Re % :£j) (*•[!]) < C (1 < % < e(E)), (37) 



for any E € M a (/3,uj). 

Proof. We give the proof of ([36]). The proof of (I37D is similar. Denote 

v(Ti) = (n, i h Si ) € z e ns(x) e z. 

Note that n > for 1 < i < a(E'), and 

Im%, w )(^) = (Zi - n(3) ■ u, 

which is bounded by Lemma 14.81 Thus the Hodge index theorem implies that there exists a 
constant C" > which depends only on a, (3 and uj such that 

(k - rip) 2 < C". 

By Lemma 14.61 (i) , we have 

v{Tif = if - 2nsi > -2. 

Hence for 1 < i < a{E), we have 

ReZ^CZi) = i {{if ~ 2r iSi ) + rfu? - (h - r^) 2 ) 
1 2 2 + C" 



> 

Similarly we have 



2 2r t 
2 + C" 



l -ReZ ((3M) (Ti)-ReZ (M (Ti) > i(fc - l)u 2 + (J- - lj 



1 \ 2 + C" 



k 

Thus one can find a desired N > 0. 

Finally we give the following preparation. 

Lemma 4.10. Let S be a subset of M a ((3,La). 
(i) Assume 

E^ReZ w ^H°(E) iv , 
is bounded above on S. Then the following set, 



□ 



{v{Ti) € NS*(X) | 1 < i < a(E),E € S}, (38) 
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is a finite set. 
(ii) Assume 

E^ReZ {M H-\E), 
is bounded below on S. Then the following set, 

{v(Fi) G NS*pT) | 1 < i < e{E),E G S}, (39) 

is a finite set. 

Proof. We show (ii). The proof of (i) is similar and leave it to the reader. For E € S, we have 

d(E) e(E) 

ReZ iM (H- 1 (E)[l]) = Y,^Z {M (F l [l})+ £ Re Z {M (F t [l}). (40) 

i=l i=d(E)+l 

Note that Zrp )U} ){Fi[l]) £ I^<o for d(E) < i < e(E), and Re Z^^{Fi\V\) is bounded above for 
1 < i < d(E) by Lemma 14.91 Furthermore E i— > d{E) is bounded by Lemma 14.81 Therefore the 
map E i— ► e(-E') is bounded and the following set is a finite set: 

{ReZ M {Fi[l]) G Q | 1 < i < e(E),Ee S}. 

Then combined with Lemma 14.81 the following set is a finite set: 

{Z {M (Fi[l}) G C | 1 < i < e(E),E G S}. (41) 

By the finiteness of (|41|) and Lemma 14.61 (i), (ii), the set (|39|) is also finite. 

□ 

Now we can show the following. 
Proposition 4.11. Problem \3.1J\ is true for any o~m jU> ) £ V- 

It is enough to show the boundedness of 

M a (<T( ( g A ,)) = {E G Am,ui) | E is of numerical type a and semistable in c^^)}. 

Note that we have M a (a^^) C M a (f3,uj). Let T, T 7 and T be the sets of objects, 

T = {F°(£) fr G Coh(X) | E G M a (a M )}, 
T' = {H°(E) tov G Coh(X) | E G M> (/ ^))}, 
T = {H-\E) G Coh(X) | E G M> (Au)) )}. 

By Lemma 13.161 it suffices to show that each 7", T' and T are bounded. We divide the proof 
into two steps. 

Step 1. The sets of objects T, T are bounded. 

Proof. Take E G M a (c^^) ) • Note that we have the exact sequence in Atp^\, 

— ► H- l (E)[l] — > E — ► H°(E) — ► 0, 
and a surjection H°(E) -» H°(E)f T in ^(/w). Thus we have 

luxZ {M {H-\E)[l]) < ImZ (M (a), Im% w) (F (i?) fr ) < Im2 (M (a), 
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and the semistability of E implies 

^(H-^Em <4>{E) <4>{H\E) h ) 
Therefore if we consider the maps on M Q (avg )a ,)), 



E — > ReZ (M (H°(E) {r ) G <Q>, (42) 



£ _> ReZ^^-^^fl]) G Q, (43) 

then ([1*2]) is bounded above and (jl3l) is bounded below. Thus one can apply Lemma 14.101 and 
conclude that the sets 

{v(T t ) G NS*(X) | 1 <*< a(E),E G M a (a {M )}, 
{v(Fi[l]) G NS*(X) | 1 < i < e(E), E G M> (/3 ^)}, 

are finite sets. Since the set of Gieseker-stable sheaves with a fixed Mukai vector is bounded, 
(see [12]) the sets of sheaves 

{T t G Coh(X) \ \<i< a(E),E€ M a (a M )}, 
{E G Coh(X) | 1 < i < e(E),E G M> (Au) )}, 

are bounded. Thus T and T are also bounded by Lemma 13.161 □ 
Step 2. The set of sheaves T is bounded. 

Proof. For a(E) < i < b(E) we may assume P(Ti, (3, u, n) > P(Tj + i, /?, u, n). Hence by 
Lemma 14.61 (iii) we have 

(j>{T a{E)+l )>--->(j>{T m ). (44) 

Note that there is an exact sequence 

— T — > F°(E) tor — T m — > 0, 

both in Coh(X) and -A^^). Let H°(E)/T' G Coh(X) be the cokernel of the inclusion, 

T' - H°(E) tor 

in Coh(X). Then the following composition, 

E^H°(E)^H°(E)/T', 

is a surjection in .Arg^). Thus we have 

Im% w) (H (^)/T') < lmZ {M (E), 

and the semistability of E implies 4>(E) < 4>(H (E)/T'). Hence the map 

E^ReZ { ^ } (H°(E)/T'), 

= ReZ {M (T b{E) ) + ReZ M (H°(E) b ), 
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is bounded above. Since T is bounded, it follows that Re Zip u \ (Tu^\ ) is also bounded above. 
Hence by Lemma [4. 8 1 and (|44p . there is a constant C" (which depends only on a, (3 and oj) such 
that 

ReZ^Ti) < C", (a(E) < i < b(E)). (45) 
On the other hand we have 

b(E) c{E) 

ReZ {M (H°(E) tor ) = ReZ (M (T i )+ ReZ^ty. (46) 

i=a(E)+l i=b(E)+l 

Note that E h-> Re Z (/3iU)) (i7°(£;) tor ) is bounded on M a (cr (/ g. because T and T are bounded. 
Thus the boundedness of (06]) together with (05J) and Re Z (/3iW) (T i ) G R <0 for 6(£?) < i < c(£) 
show that the set, 

{He% )W) (Ti) G Q | a(S) < i < c(£),£ G M"^))}, (47) 

is a finite set, and E *— > c(E) is bounded. Hence by Lemma [4.81 the finiteness of (|47|) . and using 
Lemma 14.61 (ii). we conclude that the set 

{v(T t ) G NS*(X) | o(S) < i < c(E),E G M a (a {M )}, 

is a finite set. Again the set of sheaves, 

{Ti G Coh(X) | a(E) < i < c(E),E€ M a (a {M )}, 

is bounded, thus T is also bounded by Lemma 13.161 □ 

Combined with the result in the previous section, we obtain the following. 

Theorem 4.12. Let X he a K3 surface or an abelian surface. Then for any a G Stab*(X) ; 
a G Af(X), (j) G R, the stack M^{a) is an Artin stack of finite type over C. 

Proof. This follows from Theorem 13.201 Theorem 14.51 Lemma 14.71 and Proposition 14.111 □ 

5 Invariants counting semistable objects 

In this section, X is a K3 surface or an abelian surface, A4 is the moduli stack of objects 
E G D(X) with Ext <0 (E, E) = as in the previous section. The aim in this section is to 
introduce and study the the invariants, as an analogue of the work [IT] . 

5.1 Stack functions 

Let T> be an Artin stack over C. Following D. Joyce's work |18j . we introduce the notion of stack 
functions on V. For the detail, one can consult [TBJ Section 3]. Let us consider pairs (lZ,p), 
where 1Z is an Artin C-stack of finite type over C with affine geometric stabilizers and p : 1Z — > T> 
is a 1-morphism. We say two pairs (11, p), (lZ',p') equivalent if there exists a 1-isomorphism 
r : 1Z — > 1Z' such that p' o t is 2-isomorphic to p. 
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Definition 5.1. Define the Q-vector space SF(X>) to be 

SF(2>):= ©Qp,p)]/~. 

Here [(TZ, p)] is an equivalence class of (TZ, p) and the relation ~ is generated by 

{(TZ,p)} = [(TZ\p\ n ,)\ + [(TZ\TZ\p\ nW )], 

where TZ* is a closed substack of TZ. 

For p: TZ— *T> and p' : TZ' — > V, there is a notion of fiber product [TUJ, Definition 2.10], 

ft Xp,©y ^ ^TZ 



p 



TZ' 

As in [181 Definition 3.1], we can define a Q-bilinear product SF(P) x SF(X>) -> SF(£>) by the 
formula, 

\(TZ,p)\ ■ [(TZ',p')] = [(TZ x pW TZ',p' o vr^)]. 

Let II: T> — > C be a 1-morphism of Artin C-stacks. Then define the push-forward II* : SF(X>) — > 
SF(C) by 

m m 

II*: y^Cj[(7^i,pi)] i — >y^Ci[(TZi,ILo pi)]. 

1=1 8=1 

If II is of finite type, one can define the pull-back II* : SF(C) — > SF(P), 

m m 

IT: ^ ct [(Tii, ^)] i — i- 53 eg X pifi ,d>V,Tr v )}. 
i=i j=i 

The tensor product ® : SF(£>) x SF(C) -> SF(£> x C) is 

(m \ / m' \ 

E^^ft)] U E c ^^'^i =I3^[(^ x^ )Pi x^)]). 
1=1 / \i=l / i,j 

One can consult [181 Definition 3.1] for the detail of these definitions. For a substack i : T>° T>, 
we write [(T>,i)\ as [T>° ^> T>]. If A is a K3 surface or an abelian surface, we have shown in 
Theorem 14. 121 that the stack ftA( a ^(a) is an open substack of Ai and it is of finite type. 

Definition 5.2. For a G Stab* (A"), a G M(X) and (f> G M, we define 5^ (a) to be 

(<r) = [M ia '^(a) G SF(M). 

5.2 Ringel-Hall algebras 

Take an algebraic stability condition a = (Z,V) G Stab(A) and let A<f> = V(((j) — l,<f>]) for 
(f) G X. Assume the generic flatness holds for A^. Then the stack of objects in A$ is an open 
substack of M, thus in particular it is an Artin stack over C. We denote it by Qb)A<f, C M. 
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Following [20, Definition 5.1], we introduce the associative multiplication * on SF(Dbj^4^) based 
on Ringel-Hall algebras. Let Db)(A ( f > ,n) be the moduli stack of nitrations, 

= E C C E 2 C ■ ■ ■ C E n , (48) 

with E € A^. It is shown in [19} Theorem 8.2] that Dbj(„4^, n) is an Artin stack of locally finite 
type over C. We have the following 1-morphisms, 

i=i 

Here pi \ Dbj(A(p,n) — > DbjAtf, is defined to be 

(0 = E cE 1 cE 2 C---CE n )^F i : = Et/E^i, 

and II n : Db)(A^,n) — ► QbjAj, is defined to be 

{0 = E CE 1 cE 2 C---CE n )^ E n . 

It is shown in [191 Theorem 8.4] that niLi^* ^ s °f finite type, thus one can define its pull-back. 
One has the following diagram, 

SF(Dbj^) x SF(Dbj^) 

SF(DbjA/> x Ob)Ajf^^ SF(Dbj(^, 2)) ^ SF(Dbj^), 

Definition 5.3. We define a bilinear operation *: SF(Dbj^) x SF(Db)A (j) ) -> SF(Dbj^) to 
be 

/*s = n 2 *(( Pl xp2)*(/®</)). 

It is shown in |20^ Theorem 5.2] that * is associative and SF(Db)A<j,) is a Q-algebra with 
identity 5r i := [(0 «— > Dbj^)]. In fact we have 

(/ *g)*h = f *{g*h) =II 3 *((pi xp 2 x K )*(/®j®/i)), (49) 

n 

/!*...*/„ = n n ,(J] K )*(/i ® • • • ® /»)• (5°) 

One can consult [203 Section 5] for the detail of the algebra (SF(£)bjA/0> *). For an interval 
/CM, set C a (I) C M(X) to be 

C CT (/) = im(P(J) Af(X)) \ {0} C AT(X). 

Definition 5.4. For a\, • • • , a n € C a {{(j> — 1, 0]), we define the substack 

A4({ai}i<i< n ,^,a) C Dbj(^ 5 n) 

to be the stack of filtrations (|48p such that F, = EijE^x is semistable in <r and of numerical 
type a,. 

Note that for a € C a {{4> — 1, 0]), there is a unique phase </>(«) G (0 — 1, 0] with respect to 
the stability function Z. Also note that the element tffa-'K")) (cr) £ SF(.M) is regarded as the 
element of SF(Dbj^). 

27 



Lemma 5.5. For a\, ■ ■ ■ ,a n G C a (((j) — 1,4>]), we have the following equality in SF(DbjA ( f > ), 

^[(Mdaih^A^a) ObjiA^n)] = 5^^\a) * • • • * 5^^\a). (51) 
Proof. By the definition we have 

n 
i=l 

in SF(Dbj(.A^, n)). Thus it is enough to apply II n * to ([52]) and use ([3D]) . □ 
5.3 Motivic invariants of Artin stacks 

Let K(V&i) be the Grothendieck ring of quasi-projective varieties. This is a Z-module generated 
by the isomorphism classes of quasi-projective varieties [X], and relations [X] = [Y] + [X \ Y] 
for closed subschemes Y C X. The formula [X] • [X'] = [X x X'\ extends to a ring structure on 
K (Var). Suppose A is a commutative Q-algebra and T is a ring homomorphism, 

T : KCV&r) — ► A. (53) 

Write I = Y(A X ) € A. We assume I and l k — 1 are invertible in A for k > 1. This assumption is 
required for the value 

m 

T(GL(m,C)) = r»(m-i)/2 FJ(/ fc _ i), 

fe=l 

to be invertible in A. 

Example 5.6. We can take A = Q(z) and T([X]) = P(X; z) the virtual Poincare polynomial of 
X. When X is smooth and projective, P(X; z) is the usual Poincare polynomial ^/Sf^ b k {X)z k . 

An algebraic C-group G is called special if every principal G-bundle is locally trivial. It is 
shown in [18, Lemma 4.6] that if G is special then T([G]) is invertible in A. 

Theorem 5.7. [18, Theorem 4.9] Under the above situation, there exists a unique morphism 
of Q-algebras, 

T': SF(SpecC) — ► A, 

such that if G is a special algebraic C-group which acts on a quasi-projective variety X, then 
V([X/G]) = T([X])/T([G]). 

Let II: Ad — > SpecC be the structure morphism. Given a motivic invariant T: IT (Var) — > A 
as in (|53p . we have the following maps, 

T' o n* : SF(M) — ► SF(SpecC) — ► A. (54) 

Definition 5.8. Take a = (Z,V) G Stab*(X) and a G N{X). We define I a (a) G A as follows. 
If Z(a) = 0, we set I a {a) = 0. Otherwise take (f> G M which satisfies Z(a) G R >0 e i7T ^, and define 
I a {a) to be 

I"(<t) = T'on t ^»( ff ) G A. 

The definition of I a (cr) is an analogue of [17, Definition 6.1]. It is clear that the definition 
of I a (c) does not depend on a choice of eft. Then as an analogue of [171 Definition 6.22], we 
introduce the invariant J a (o~) G A. 
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Definition 5.9. We define J a ((j) € A as follows. If Z(a) = 0, we set J a (a) = 0. Otherwise 
choose (f) G M which satisfies Z(a) G M>oe J7r<?!> , and define J a {<?) to be 

J a {a):= J2 l~^>* x{Qj - tti) ^ ~ ^ n/°*(g) € A, (55) 

ctlH hctn=a i=l 

where «j G C a ((j)) for all 1 < i < n. 

Again the definition of J a (o~) does not depend on a choice of (p. 

Remark 5.10. Suppose that any E G M^ a '^\a) is stable. This occurs whenever a G A/"(X) 
is primitive and a is not contained in a wall in Proposition 12.81 In this case, J a (o~) coincides 
with (I — l)I a (o~). Furthermore any E G M^ a '^(a) satisfies Hom(E, E) = C. Hence by Inaba's 
work [H] and the openness of stability proved in Section [U there is an algebraic space M^ a '^(a) 
which parameterizes the objects in M^ a '^(a). Hence in this case we have 

J a (a) = T(M^\a)) G A. 

The factor 1 — 1 = T(C*) is required to cancel out the contributions of the stabilizers Aut(-E) = 
C*. 

Remark 5.11. Suppose A = Q(z) and T be as in Example 15. 61 Under the assumption in 
Remark 15.101 we can define the invariant J a (a)\ z= _i G Q, as a virtual euler number of the 
moduli space. However in general, we don't know whether the denominator of J a {<j) G Q(z) is 
divided by z + 1 or not. So at this time, we do not define the invariant in Q in this way. Also 
see Remark 15.151 below . 

We have to check the following. 

Lemma 5.12. The sum 155\) is a finite sum. 

Proof. Note that for any e > there is an algebraic stability condition a' = (Z' , V') G Stab*(X) 
such that V(<j>) C V((4> — e, 4> + e)). Thus the possibilities of n in the sum (|55p is finite. Let us 
assume II -^l ") 7^ in the sum (I55p . Then there are objects Ei G V{4>) of numerical type c^. 
By taking stable factors of Ei and using Lemma 14.61 ° ne can check that the possibilities for ai 
is also finite. □ 

5.4 The algebra A(A\p,A,x) 

Let a = (Z,V) G Stab*(X) and A^ = T>((<j> - 1,4)}) be as in (flT2"jh We introduce the A-algebra 
A(A ( f > , A,x)- For the detail, see [20], Section 6]. 

Definition 5.13. [20], Definition 6.3] We define the A-algebra A(A^,A,x) to be 

A(A (P ,A,x)= Ac a , 

a&C°({<i>-l,4>}) 

such that the multiplication is given by c a * eg = l~ x (P> a 'c a+ p. 

Note that since we assume X is K3 surface or an abelian surface, the algebra A(Ac/>, A, x) is 
a commutative algebra. Let i a : Obj a A^, C DbjA^ be the substack which parameterizes E G A$ 
of numerical type a. We denote by U a : Ob'fA^ — ► SpecC the structure morphism. Given a 
motivic invariant T as in ([53]) . we construct the map 0: SF(DbjA,p) — ► A(A^,,A,x) to be 

0:/— ► Yl T'(U a J* a f)-c a . 
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Definition 5.14. [H], Definition 3.18] For a G C CT ((0 - 1,0]) define 5 (a) G A(A <t> ,K,x) to 
be 

:= e(<y(°"« Q »(<7)) = I»c Q G A(^,A, X ), 
and e a (cj) G ^(A/,, A, x) to be 

1 

- 5 ai (a)*---*5 an (a) (56) 

C*lH h«n=« 

where «j G C^^a)). 

Remark 5.15. The definition of J a {o~) is motivated by the weighted sum in the Ringel-Hall 
algebra. In fact Joyce [TBJ Theorem 8.7] showed that the following weighted sum in SF(Dbj^), 

e (a,0(a))/ ff ) = V- ,5K,0K))( a ) # . . . # $(«n.*(a»))(0.) 

z — ' n 

aiH ha„=a 

with a« G C a {(j){a)) is contained in a certain Lie subalgebra SF md (Dbj^4^,). Roughly it means 
that the stack function e^ a '^ a '' (cr) is supported on indecomposable objects. Hence if is a ring 
homomorphism, we have Q(e^ a '^ a ^ (a)) = e a (c) and in particular one can define J a (cr)\ z= -i G Q 
in Example 15.61 However is not ring homomorphism in our case, so instead J a (cr) is defined 
as the weighted sum in the algebra A{A ( f ) , A, x) rather than the Ringel-Hall algebra. This is the 
motivation of the invariants explained in [T7| . 

Although the map G is not a ring homomorphism, we have the following proposition. 

Proposition 5.16. For ati, ■ ■ ■ ,a n G C CT ((0 — 1,0]), suppose 0(ai) > $(012) > ■■■ > 4>( a n) 
where <j){pti) G (0 — 1,0] the phase with respect to the stability function Z. Then we have the 
following equality in A(A^,A, x), 

e(^ ai '^ Q1 »(V) * • • • * S^ n '^ a ^{a)) = 5 ai (a) * ■ ■ -*T n (a). (58) 

Proof. This is obtained by applying |17^ Proposition 6.20] for the abelian category V((4>— 1, 0]). 

□ 

5.5 Behavior of invariants in a chamber 

Let us investigate how the invariant (|55p vary under a change of stability conditions. From here 
until the end of section, we fix a G Af(X). Let 53° C Stab* (A) be an open subset and its closure 
23 = 23 is compact. Let S C D(X) be the set of objects, 

<S := {E G D(X) J E is semistable in some a' = (Z',V) G 23 with \Z'(E)\ < \Z'(a)\}. (59) 

Then iS has a bounded mass, thus there exists a finite number of codimension one submanifods 
{W 7 } 7e r which gives a wall and chamber structure on 03. (See Proposition 12.81 ) Let C be one 
of the connected component, 

C C 23 \ JW 7 . 

7 

We show the following. 
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Proposition 5.17. Take a { = {Z i} Vi) € C for i = 0, 1. Then we have J a {a ) = J a {ai). 

Proof. First assume Zo(a) € M>oe i7r< ^ for some (ft G R and Z\(a) = 0. Then there is no object 
F G S which is semistable in a\ and of numerical type a. Because a"o and a\ are contained in 
the same chamber, there is no object F G S which is semistable in o"o and of numerical type a. 
Note that if the sum (I55p for a® is non-zero, there exist 

,a n GC CTO (0), 

such that nr=i ^'(^o) is non-zero, and ct\ + • • • + a n = a. By the definition of I ai (ao), there 
must be an object E{ G Vq(4>) of numerical type a, for each %. Then ®" =1 i?i is semistable in <7o 
and of numerical type a, which is a contradiction. Hence in this case, one has 

J a (<T0) = J a (°l) = 0. 

Thus we may assume Zi(a) ^ for i = 0, 1. Again choose (ft G R, ai, • • • , a n G C a °((ft) in 
the sum (|55|) for ctq- If n*=i I ai { a o) 7^ 0) then there exist Ei G Vo((ft) of numerical type on. We 
have 

\Z (Ei)\ = \Z Q (ai)\ < \Z (a)\. 

Thus we have E% G S. Note that for each i and j, the values Zo(cti) and Zo(ay) are proportional. 
Furthermore we have do ^ W 7 for any 7. By the construction of W 7 in Proposition 12.81 this 
implies a, and ctj must be proportional in J\T(X), hence at is proportional to a. Choose a path 

A: [0,1] — >C, 

such that A(0) = oq and A(l) = o\. We denote \(t) = at = (Z t ,Vt)- For an arbitrary E{ G Vq{4>) 
of numerical type ai, we have E{ G 5, thus E{ is also semistable in at- Hence Zt{ai) 7^ for 
t G [0, 1], and the phase of Ej in is uniquely determined independent of a choice of Ei G Vq{4>)- 
Thus there is G R which satisfies Z\{ai) G R>oe i7r<?i such that 

By the converse argument, we obtain M^ ai, ^(a ) = M^ au(t> '\ai), thus I ai (a ) = I ai (a\). 
Because a, is proportional to a, we have Z\(a) G Rxje" 1 "^ and ai £ C CT1 (</>'). Hence the sum 
(pi) for J a (a ) and J Q (cxi) are identified. □ 

5.6 Behavior of invariants near a wall 

Next we investigate the behavior of the invariants near a wall W\. Here we use the same 
notation as in (|5.5p . Take < e < 1/6 and <7j = (Zi,Vi) G Stab*(X) for i = 0,1. We assume 
the following. 

• o"o is algebraic, contained in C, and V({ift — 1, ift]) satisfies the generic flatness for any ip G T. 
(See Remark E2U) 

• a\ G W 7 n C for some 7 and do G B £ (cri). (See 
First we give the following lemma. 

Lemma 5.18. Assume Z\{a) = 0. TTien we Ziaue 

J a (a Q ) = J Q ( f i 1 ) = 0. 
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Proof. By the definition, we have J a {a\) = 0. Assume that there is an object F G D(X), 
semistable in <7o of numerical type a. Then F G S, hence E is semistable for arbitrary a' Q G C. 
By the comment in [7] after Proposition 8.1], E is also semistable in <to hence a contradiction. 
Therefore there is no semistable object in o~q of numerical type a, and this implies J°(o"o) = 
0. □ 

By Lemma f5.18( it is enough to consider the case of Z\{a) ^ 0. Choose G M which satisfies 
Z\{a) G R>oe i7r ^. Note that for any (3 G C" T °((0 — £,(/> + e)), we can define the phases 

0o(/3) £ (0-e,0 + e), <M/?) G (0-2 £ ,0 + 2e), 

with respect to the stability functions Zq, Z\ respectively. We fix^Gl which satisfies 

Pi(<f>) Cp o ((0-£,0 + e)) C^=Po((^-l,^])- 
We consider the Q-algebra (SF(Dbj^), *). 
Lemma 5.19. PFe /iai>e £/ie following equality in SF(DbjA^), 

S( a ^(ax)= J2 6 (ai ' Mai) Hao)*---*S {an ' Man)) (vo), (60) 

QiH \-a n =a 

where cti G C°"°((0 — e, + e)), and {aj}i<j< n satisfy 

<f>o(ai) > ■ ■ ■ > (f>o(a n ), 0i (ai) = • • • = (f>i(a n ) = 4>. (61) 
Proof. We show the following decomposition, 

M^Xat) = JJ U^Mdaij^i^A^,^), (62) 

aiH ha„=a 

where «j G C" J °((</> — e, + e)) and they satisfy (foTj) . First note that any object F G V\{4>) of 
numerical type a, a C-valued point of the LHS of (]62H . has the unique filtration 

= E C E 1 C • • • C E n = E, 

in A,]} such that Fj = Fj/Fj_i is semistable in do, of numerical type a, G C a °{{4> — e, 4> + &))> 
and they satisfy 0o(«i) > • • • > (f>o(ot n ). Since < e < 1/6, we have 

\Z (Fi)\ < \Z Q (E)\ = \Z (a)\, 

thus Fi G 5. Therefore Fj is semistable for any a' Q G C, hence it is also semistable in a\. The 
condition o\ G C implies that 0i(«i) > • • • > (f>i(a n ). Because E is semistable in oi, we must 
have («i) = • • • = 0i (a n ) = 0. This means E is a C-valued point of the RHS of (|62p . 

Conversely take «i, • • • , a n G C" J °(((/) — e, + e)) which satisfy ai + • • • + a n = a and (fBTj) . 
Suppose for F G A^, there is a filtration 

= F c E 1 C • • • C E n = E, 

in Alp such that Fj = Fj/Fj_i is semistable in do and of numerical type aj, i.e. F is a C-valued 
point of the RHS of (|62l) . Again we have |Zo(Fj)| < |Zo(a)| thus Fj G 5. Hence Fj is also 
semistable in <Ti, and (|61j) implies F is also semistable in 0*1. This implies F is a C-valued point 
of the LHS of @2). 
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Now we have shown (J62J) at the level of C-valued points. Finally we have the isomorphism 
of the stabilizers, 

Aut(£i C-C^)e Aut(E„). 

Hence we have the decomposition (]62]) . Using (]51~]) . the formula ([60]) follows. (Also see the proof 
of p21 Theorem 5.11].) □ 

Next we compare e°(<7j) G A(A^, A, \) near a wall. Following [TTJ, Definition 4.2], we intro- 
duce the following combinatorial values. 

Definition 5.20. For a%, ■ ■ ■ ,a n € C a °{{4> — e,(j) + e)), consider the following two conditions. 

(a) 0o < 0o("i+i), and 0i(ai H h a») > 0i(«t+i H a n ). 

(b) 0o(a») > 0o(ai+i)) and 01 ( a i H !"«») < 0i(«i+i H "«)■ 

If for alii = 1, • • • , n — 1 one of the above two conditions is satisfied, then define 

S({oii}i<i< n ,ao,ai) = (-l)' r , 

where r is the number of i = 1, • • • , re— 1 satisfying (a). Otherwise define #({aj}i<j<„,, °o> ci) 
0. 

The values S({azi}i<i< n , o"o, give the transformation coefficients of the invariants. 
Lemma 5.21. VFe /iawe t/ie following equality in A(*4^,x,A), 

^ = - S '({«i}l<i<n,O-0,O-l)^ ai (o"0) * • • • *^ a "(cro), (63) 

aiH ha„=« 

where on £ C <7 °((0 - e,0 + e)). 

Proof. Applying to (|6Up and using Proposition 15.161 we have 

*>i) = E ^>o)*---*T>o), (64) 

«iH ha„=a 

where oti, ■ ■ ■ ,a n € C" 7 °((0 — e, + e)) satisfy (fBT]) . Therefore it is enough to check that the 
right hand sides of (]M]) and (]6"3"]l are equal. Suppose that ai, • ■ ■ ,a n in (fB"3"]) satisfy 

S({Mi<i<n,o- ,o-i)5 ai (o- ) * • • • * <T n (o- ) / 0. (65) 

Then for each i, there exists Ej G Po(0o(ai)) which is of numerical type ctj. Since < e < 1/6, 
we have \Zo(Ei)\ < \Zq(o)\. Thus Ei € S, and by the construction of walls W\ in Proposition ^. 81 
we have the following: 

For if 0o (ai) > 0o(aj) then 0i(aj) > 0i(aj). (66) 

Thus the coefficient S , ({aj}i<i< n , <tq, cti) for which a±, ■■■ ,a n satisfy (165]) is calculated by the 
property (fBT]) in a purely combinatorial way. It is computed in [TTJ, 5.2] and the result is 



S({ai}i<i< n ,a ,ai) 



1 if ai, • • • , a n satisfy (J61 
otherwise . 



□ 



Remark 5.22. Take a' G C CTl (0) with |Zi(a')| < \Zi{a)\. Then the above proof shows that 
the same formula (]6"3"]) replaced a by a' also holds. 
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Now we can compare J a (ao) and J a {a\). 

Proposition 5.23. We have e a (cio) = e a (o"i) in A(A^,x, A). Thus we have J a {(To) = J a {a\) 
in A. 

The proof relies on the the combinatory result in [T7]. So before beginning the proof, we 
show the simplest case for the reader's convenience. Suppose the following decomposition is 
unique. 

a = at\ + OJ2) otj € C a ° ((</> — e, <p + e)). 
Furthermore for such otj, we assume 0i(«i) = ^1(02), 0o(«i) > 0o(«2)- In this case we have 

5 a (fTi) = 5 Q ((To) + 5 ai (cr ) * <f* 2 (cr ). 
Also we have e°(o"o) = ^ (co), and <5 aj (<7i) = e a ^(cjj). Thus we have 

= e a (a ). 

Here we used the fact that A(A^, x, A) is commutative in our case. Now we give the proof of 
Proposition 15.231 

Proof. Using the proof of [161 Theorem 7.7] in the algebra A(A^, A, x) (also see |17[ Definition 
6.22]), we may write 6 (o"o) as follows, 

S a (a )= V l^(a )*...*e°»(a ), (67) 

ai+-a n =a 

where a» € C 70 (<po(a)) . We can rewrite (JoTj) as the same formula of ([6?]) and € C a °((<j) — 
e,cf) + e)) with (f>o{oti) = 4>o{a). Then substituting ([6"3"|) . ([6"T|) to the definition of e a (a"i) in (f56"j) . 
(also noting Remark I5.22p we can write Z a {o~i) in the following formula, 

^>i)= E f/({a 4 }i< 4 <n,cro,cT 1 )e Ql (^o)*---*e Q ' l (^o), (68) 

q-iH ha„=a 

where on € C a °(((f> — e, <f> + e)). Here one can consult the explicit description of 

^({aj}i<i<n, 0-0,0-1) G Q, 

in [171 Definition 4.4], after replacing C(A) in loc.cite. by C a °(((j) — e, <p + e))- In [17, Theorem 
5.2], it is proved that using |17[ Theorem 5.4] the formula (|68[) is written as 

(^(cxi) = e a (ao) + [ multiple commutators of e Qi (<7o)]. 

In our case A(A^, A, x) is commutative since we assume A is a K3 surface or an abelian surface. 
Hence we have e Q (<7i) = e a (cro). □ 

Now we can show the following. 

Theorem 5.24. For a = (Z,V) G Stab* (A) and a € M(X), the invariant J a (a) G A does not 
depend on a choice of a. 
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Proof. Take a = (Z,V) G Stab*(X) and r = (W, Q) G Stab*(X). Let A be a path 

A: [0,1] — ► Stab*(X), 

such that A(0) = a and A(l) = r. We take a connected open set 53° C Stab*(X) which contains 
A([0, 1]) and its closure 53 = OS is compact. We consider the set of objects S as in (f59|) and 
the associated walls {W 7 } 7G r- We denote A(f) =a% = (Z t ,Vt). We may assume that the set of 
points K C [0, 1] on which at is algebraic and Vt{{^ — 1, ip]) satisfies the generic flatness for any 
ip G 2 is dense in [0, 1]. Take so, s\, S2, • ■ ■ , sn, sjv+1 G [0, 1] and tf G (sj, Sj+i) D K such that 

• For 1 < i < N, Si G W 7 for some W 7 , and so = 0, sjy+i = 1- 

• For any i G (sj, Sj+i), we have A(t) ^ W 7 for any 7. 

• <t t + G 5 £ (o- s ), <r _ G B £ (a s .) with < e < 1/6. 
By Proposition 15 . 1 7l and Proposition 15.23] we have 

J> S J = J> t -) = J a (a t+ ) = J a (a Si+1 ), 

for each i. Thus J a (o~) = J a {T~) follows. □ 

By Theorem 15.241 the following definition is well defined. 

Definition 5.25. For a G M{X), we define J a G A to be J a {a) for some a G Stab*(X). 

Let Auteq* D{X) be the subgroup of $ G Auteq Z?(X) which preserves the connected com- 
ponent Stab*(X). Also for $ G Auteq* D(X), we denote 

M{X) — ►jVpf), 

the induced automorphism. We have the following corollary of Theorem 15.241 
Corollary 5.26. For $ G Auteq* D(X), one has J a = J** a . 
Proof. We have 

J a = J a (a) = J** a (<$>(a)) = J** a . 

□ 

6 Comparison of invariants which count semistable objects and 
semistable sheaves 

In this section we compare J a and J a , where J a is a counting invariant of semistable sheaves 
introduced in |17j . 
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6.1 Counting invariants of semistable sheaves 

Let A be a Q-algebra and T: K(Y&r) — > A be a motivic invariant as in (|53p . We denote by 
C(X) the image, 

C(X) =im(Coh(X) — >M(X)). 

For a G C(X), we recall the definition of J a G A introduced in [17] . Let u be an ample divisor 
on X. We consider the moduli stack, 

M a (uj) c M, 

which is the stack of cj-Gieseker semistable sheaves of numerical type a. Let 5 a (uj) G SF(A / t) 
be the associated stack function. We consider the map T' o n t : SF(.M) — » A as in (!54"1) . 

Definition 6.1. pH Definition 6.1, Definition 6.22] We define I a (io) G A to be 

i a (to) = T'oUj a (to) G A, 

and J a (to) G A to be 

J a (oj)= r^^^'"' ^" 1 ^ 6 A, (69) 

«iH han=o i=l 

where «j G C(X) satisfies P(oti,uj,n) = P(a,u>,n). 

Joyce [T7j showed the following. 

Theorem 6.2. |17|, Theorem 6.24] The invariant J a (u) G A does not depend on a choice of 
an ample divisor u. 

For a G C(X), we define J a G A to be J a {ui) for some ample divisor to, which is well defined 
by Theorem 16.21 

6.2 Comparison of J a and J a 

Here we compare J a and J a for a G C(X). Let us take an ample divisor to and k G Q>i- We 
use the following notation, 

The idea is to compare the following two values, 

J> fc ) G A, J a (co) G A, 

in the limit k — > oc. In [6, Proposition 14.2], Bridgeland proved that (putting a certain as- 
sumption on a numerical class), an object E G D(X) is semistable in Ufc for all k S> if and 
only if E 1 is w-Gieseker semistable. This is what string theory predicts that BPS branes in the 
limit k —> oo are in fact Gieseker stable sheaves. What we actually have to prove is that we can 
choose k > uniformly so that it works for any semistable objects. First we give the following 
lemma. 

Lemma 6.3. For an ample line bundle C G Pic(X), one has 
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Proof. Note that tensoring C gives an autoequivalence ®C G Auteq*D(X). Thus J a = J a ® c 
follows from Corollary 15.261 Next let u> = c\{C). Then by Theorem 16.21 we have J a = J a {oo). 
The equality J a (u;) = J a ® {u) follows easily from the fact that for any w-Gieseker semistable 
sheaf E of numerical type a, E ® C is also w-Gieseker semistable and it is of numerical type 
a®C. □ 

For a G C(X) we denote v{pt) = (r, I, s). We show the following proposition. 

Proposition 6.4. Suppose uj-l>0orr = l = 0, and choose < (f) k < 1 which satisfies 
Zku( a ) £ R>oe l7r ^ fe - Then there exists N > such that for all k > N and a' which satisfies 

a' G C ak ((f) k ) with \lmZ w (a')\ < \1mZ u (a)\, (71) 

any is a Lo-Gieseker semistable sheaf. 

Proof. 
Step 1. 

First by Lemma 14.61 (i), (ii), the set of a' G which satisfies (171 p is a finite set for a 

fixed a. When r = I = 0, any object E G A u of numerical type a is a zero dimensional sheaf, 
so the result is obvious. Thus we may assume u ■ I > 0. In this case (f> k goes to zero for k —* oo 
when r > and goes to 1/2 when r = 0. Thus there is N > so that (f> k < 3/4 for all k > N. 
Take E G M^ a '^(a k ), and a' satisfies {□}. Then we have 

<(> k (H-\E)[l])<<l> k <l 

Thus the map on U k > N ^M^ a ' ^ k \a k ), 

RzZ kw {H- l {E)[l}) 
^ lmZ ku {H-\E)[l\) 

__1 ReZ^(ff- 1 (^)[l]) 
fc ' ImZ^tf-^tl]) ' 

is bounded below. Note that E 1 is contained in M a (0,uj), and the map E i— > Im-Z^E?) on 
M a (0,cj) is bounded by Lemma 14.81 Therefore the map on U k >N ta iM( a '^ k \cr k ), 

E^-ReZUH- 1 ^}), 

is bounded below. Thus using Lemma 14.91 we may assume that 

E^HeZ u (H-\E)[l]), 
is bounded below on \J k >N )OC 'M^ a '^ k \o- k ). Then one can apply Lemma f4. 101 and the set 

{v(H-\E)[l]) G NS*(X) | E G |J M^Vfc)}, 

k>N,a' 

is a finite set. Let us denote the above set vi, ■ ■ ■ ,v n . Then limfc_ >00 <f> k (vi) = 1, so by replacing 
N if necessary, we have <p k {vi) > 3/4 for any k > N and 1 < i < n. This implies that for k > N 
any object E G M<>' '' M (a k ) satisfies H~ 1 (E) = 0, so £ is a sheaf. 
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Step 2. 

Next we show that any E G Ufc>jv"a'-^ a '' (^A;) is a w-Gieseker semistable sheaf, by replac- 
ing N if necessary. Assume that E is not cj-Gieseker semistable, and let T be the w-Gieseker 
semistable factor of E of the smallest reduced Hilbert polynomial. We denote 

v(E) = (r',l',s'), v(T) = (r",l",s"). 

Note that r' = is equivalent to r" = 0, and in this case E must be w-semistable by Lemma l4,6l 
(iii). Thus we may assume r' > 0, r" > 0. Note that in this case (fi k goes to for k — > oo. 
Since the map E — ► T is a surjection in .4^, and i? is (Xfc-semistable for some k > N, one has 
0fc(-^) < 4>k(T). Thus we have 

Im^(£) " Im^(T)' 1 j 

Explicitly (|72|) is equivalent to 

^ f_ s ' + ifcVr'^) > -a" + -kWr". (73) 

Also we note that 

< r" < r', < to ■ I" < u • I', l" 2 - 2r"s" > -2. (74) 

Here the third equality comes from Lemma 14.61 (i) . Then (|73h and (|74|) imply that the set 

{«(T) G NS*(A) | £ G U fc >^M^V fe )}, (75) 

is a finite set. Applying the same argument for other torsion free Gieseker-semistable factors, 
we deduce that the set 

{v(E fv ) G NS*(A) | E G U k >N,*>M( a '^(a k )}, 

is a finite set. It follows that the set 

{v(E tor ) G NS*(X) | E G U k >N, a >M( a '<^(a k )}, 

is also a finite set, say v[, ■ ■ ■ ,v' m . Since 4> k ( v i) g° es to 1/2 for each i, we have 4> k (v • ) > ^ for 
all 1 < i < m and k > N, after replacing A if necessary. Thus for such A and > N, if we take 
G '^"(ofc), then E must be a torsion free sheaf. By the definition of T, one has 

s' s" 

H W (E) > Hu(T) or Hu>{E) = Hu(T), — > — . 

We have 

ZUE) Z kw (T) fs> s"\ 

— — =-[y-^)+ M^(E) ~ MT)). 

So after replacing A we have <p k {E) > (j>k(T) for k > A. Such A is determined by only a 
numerical class of T. Thus the finiteness of (|75|) implies that one can take A uniformly so that 
4>k{E) > <f>k(T) for all E G M^ a ''^ k \a k ) and k > N. This contradicts that E is ovsemistable, 
so E must be w-Gieseker semistable. □ 

Next we check the following. 
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Lemma 6.5. Suppose cu ■ I > or r = I = 0. Then there is N > so that for k > N and 
a' G C(X) which satisfies 

P(a ,uj,n) = P(a,ui,n), 1m Z u (a') < lmZ UJ (a), (76) 

any tu-Gieseker semistable sheaf E of numerical type a' is a k - semistable. 

Proof. First using Lemma 14.61 (i), (ii), the set of a' G C(X) which satisfies (|76p is finite for a 
fixed a. Thus we may assume a' = a. Note that the case of r = I = is obvious. The case 
of r > 0, <jj ■ I > is proved in [HI Proposition 14.2]. One can also check that in the proof of 
loc.cite., the desired N > is taken to be uniformly for any a;-Gieseker semistable sheaf E of 
numerical type a. (We leave the readers to check the detail. It is enough to notice in [6l Lemma 
14.3] that the set of o;-Gieseker semistable sheaves of numerical type a is bounded.) Thus it 
is enough to check the case of r = and I ^ 0. Let £ be a w-Gieseker semistable sheaf with 
v(E) = (0,1, s). Since 4>k goes to 1/2 for k — > oo, we may assume 1/4 < (f>k < 3/4. For each k, 
let Ek £ be the ovsemistable factor of E whose phase is the largest. If E is not semistable 
in dfc, we have 

(t) k {E k ) > <p k > i (77) 

We have the exact sequence in Au, 

— > E k — > E — > E' k — >0 (78) 

Then the associated long exact sequence of (j77j) with respect to the standard t-structure implies 
that E k is a sheaf. We have the sequence, 

— » (E k ) tov ^E k ^ (E fc )fr — ► 0, (79) 

which is exact in both A u and Coh(X). Combining sequences ((75]) and ((79"]) . we obtain the exact 
sequence in Auj, 

— ► (^)tor — > E — * F — * 0, (80) 

Again the long exact sequence associated to ((50]) implies that ((80]) is also exact in Coh(X). 
Because E is cu-Gieseker semistable, we have P((E k ) tOT ,uj,n) < P(E,u>,n). Thus we have 

M(E k )tor) < 4>k < 3/4, (81) 

by Lemma 14.61 (iii) . Then the sequence ((75]) and ((77]) imply the map 

, | ^ Re Z koj ((E k ) fl ) 

Im. Z kuJ ((E k ) {T )' 

is bounded above. Then applying Lemma [4.81 and Lemma [4.91 there is iV > such that the map 
k i— > ReZ(j((£Jfc)f r ) is bounded above for k > N. Hence by Lemma 14.101 the set 

M(E k ) iv ) G NS*(X) | k G q> N }, 

is a finite set. Thus we have 

M(E k h) — » 0, (82) 

for — > cxd. However since we have (]79p and (|8ip . (|82j) implies that 4> k (E k ) < 1/4 for k > N 
by replacing iV if necessary. This contradicts to (|77p . thus for such and k > N, E must be 
cxfc-semistable. The above proof also shows that one can take N uniformly for all w-Gieseker 
semistable sheaf E of numerical type a. 

□ 
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Finally we show the following. 
Theorem 6.6. For a G C(X), we have J a = J a . 

Proof. Since v(a ® C) = v{a) ■ ch(£) for C G Pic(X), Lemma 16.31 implies that we may assume 
v(a) = (r, I, s) with u ■ I > or r = I = 0. It is enough to compare J a {o~k) an d J a {oj) for k > N, 
where N is chosen as in Proposition 16.41 and Lemma 16.51 Take ol\, ■ ■ ■ ,a n G C ak (4>f c ) such that 
Oi\ + • • • + ct n = a and Y\2=l I ai { a k) 0- Then first applying Proposition 16.41 we have 

ai EC{X), M Mk) {a h ) C M ai {u). 

For a fixed k > N, let a k G 25° be an open neighborhood of <t& such that its closure 23 is compact. 
Then there is a wall and chamber structure {W 7 } 7 gr on 23 with respect to ()59|) . There is a 
subset r'cT and a connected component C as in ([9]) such that infinitely many cr/v for fc' > Q> jy 
are contained in C. We may assume a k G C Then if «j and a,- are not proportional in M(X), 
we have 

Im ^M = , 

■Z'fc'w(ai) 

for infinitely many k' G Q>at. By Lemma 14.61 (iv), this implies 

P(aii,u,n) = P(aj,u),n) = P(a,u>,n), 
for any i,j. Then one can apply Lemma 16.51 and conclude 

M Mk) {a k ) = M ai (u). (83) 

Hence we have II" = i I^ipk) = iT"=i 

Conversely take - , a ra G C{X) such that IliLi ^ ( w ) ^ an< ^ cki + • • • + a n = a, 

P(ai,uj,n) = P(a,uj,n). Again (j83[) holds for A; > iV by Proposition 16.41 and Lemma 16.51 so 
Ui=i iai ( a k) = lT=i^M holds - Also P(ai,w,n) = P(a,w,n) implies a, G C CT *(<£ fc ). Thus 
the sum ([S3]) and (fMj) are equal. 

□ 

Remark 6.7. In this paper, we do not give the explicit computation of the invariant J a {a). 
However if a G C(X) is primitive, then by the work of Yoshioka |30j . J a (cr) can be computed by 
the invariant of the Hilbert scheme of points on X. As commented in |17j . it might be possible 
to compute the invariant for other a G M(X) using this remark and Theorem 11.21 
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